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ABSTRACT. This paper investigates a class of penalized quantile regression estimators for
panel data. The penalty serves to shrink a vector of individual specific effects toward a
common value. The degree of this shrinkage is controlled by a tuning parameter \. It
is shown that the class of estimators is asymptotically unbiased and Gaussian when the
individual effects are drawn from a class of zero-median distribution functions. The tuning
parameter, A, can thus be selected to minimize estimated asymptotic variance. Monte-
Carlo evidence reveals that the estimator can significantly reduce the variability of the
fixed- effect version of the estimator without introducing bias. An empirical application
of the method to study the responsiveness of hours to wages using PSID data illustrates
the approach.
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1. INTRODUCTION

Panel data consisting of multiple observations on individuals, firms, etc., over time pro-
vides an opportunity for analyzing economic relations while controlling for unobserved in-
dividual heterogeneity. However, classical least squares estimation methods designed for
Gaussian models are often inadequate for empirical analysis. For example, Horowitz and
Markatou (1996) find that the error term of an earning model, using CPS data, is not
normally distributed. Moreover, the problems with least squares methods are highlighted
in Angrist et al. (2002) longitudinal analysis of a voucher program. On the one hand, the
within transformation gets rid of the time-invariant treatment indicator, and on the other
hand, the random effects exclusive focus of the program’s effect on the mean is a limitation
if the interest is on the lower quantiles.

Koenker (2004) suggested a quantile regression approach for panel data. He introduced a
class of penalized quantile regression estimators providing a novel solution to the recognized
difficulties of quantile regression for additive random effects models (Koenker and Hallock
2000, Abrevaya and Dahl 2005). The standard least squares transformations to deal with
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a large number of parameters are not available in quantile regression, so the approach pro-
poses to estimate directly a vector of individual effects. The estimation of these (nuisance)
parameters increases the variability of the estimates of the covariate effects, but regulariza-
tion, or shrinkage of these effects toward a common value helps to reduce the inflation effect.
An /; penalty term (Tibshirani 1996, Donoho et al. 1998) serves to shrink the vector of
individual effects, and a tuning parameter A\ controls the degree of this shrinkage. Although
Koenker (2004) shows that some degree of shrinkage is often desirable, finding precisely the
value of A remains unclear outside idealized Gaussian conditions. This paper investigates
this issue showing that the class of penalized estimators for models with exogenous regres-
sors are asymptotically unbiased and Gaussian. The parameter A can thus be selected to
minimize estimated asymptotic variance.

It has been acknowledged by others that the optimal choice of the regularization pa-
rameter A is an interesting problem of both theoretical and practical importance (Hastie,
Tibshirani, and Zou 2004). For instance, in model selection, the regularization parameter
is selected by AIC (Akaike 1973), BIC (Schwartz 1978), in ridge regression, it is selected
by minimizing mean square error (Hoerl and Kennard 1988), and in non parametrics, the
choice of X is analogous to select the smoothing parameter by cross-validation (e.g. CV,
GCV). In panel data, the classical random effects approach suggests maximum likelihood
(MLE) or generalized least squares (GLS) methods, but preliminary Gaussian A selection
strategies under non-classical assumptions could lead to incorrect inference. The approach
considered in this paper offers a robust alternative for A selection.

The main theoretical contribution is a decomposition of the penalty into two terms that
depend on A. The first term is asymptotically Gaussian, and the second term has a deter-
ministic quadratic contribution to the limiting form of the objective function. The extension
leads to an asymptotically unbiased estimator when the random effects are drawn from a
class of zero-median distribution functions. Because the asymptotic variance is a strictly
convex function of the parameter, the optimal X\ exists, is unique, and gives the minimum
variance estimator in the class of penalized quantile regression estimators, the analog of the
GLS in the class of penalized least squares estimators for panel data.

The next section reviews the classical theory of panel data, and presents the model and
estimator. Section 3 is devoted to the asymptotic behavior of the estimator. In section
4, we obtain the optimal tuning parameter and its estimator, and in section 5, we offer
Monte-Carlo evidence. In Section 6, we demonstrate how the penalized estimator can be
obtained and used in empirical applications. Section 7 provides conclusions.

2. PANEL DATA METHODS AND MODELS
Consider the classical Gaussian random effects model
(2.1) Vit = T3 + i + Uy, i=1,.N,t=1,.T
where y;; is the dependent variable, x;; = (1,22, ...,a:,-t,p)/ is the vector of independent
variables, the a;’s are unobservable time-invariant effects distributed independently across
subjects, and wu; is an iid error term.
2.1. Classical Estimators Revisited. It is convenient to write equation (2.1) as

(2.2) y=XB+ Za +u,
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where Z is an “incidence matrix” of dummy variables, and « and u are independent random
vectors. The parameter of primary interest 8 can be estimated by two alternative methods.

2.1.1. Fized Effects Estimator. The fixed effects model assumes that the unobserved indi-
vidual effect is an unknown parameter to be estimated (i.e., individual intercepts). The
fixed effects estimator is given by the solution of the following quadratic problem

2.3 min - XB-Zal?,
(23 iy [

where ||u|[%_, means «'R™u. The classical fixed effects estimator of 3 is
B = (X'MX)'X'My
where the matrices M =1 — P and P = Z(Z'Z)"'Z'.

2.1.2. Random Effects Estimator. Classical theory often alternatively assumes that u and
« are independent Gaussian vectors with u ~ N (0, R), and a ~ N(0, W). Therefore, the
vector v = Za + u has covariance matrix

E(vv')=(ZWZ' + R) =V

The generalized least squares estimator (GLS) of 3 can be obtained either by weighting the
variance components,

. 2
(2.4) min 1y — X[
or by estimating the unobserved specific effects from the penalized least squares problem,
(2.5) min |ly = X8 = Zal - + llaly-

Proposition 1. 8 = (X'V1X) Y X'V ~1y) solves both (2.4) and (2.5).

The estimator derived from the long objective function (2.5) is the best linear unbiased
predictor (BLUP). This method for estimating B and the associated random effects predic-
tors & has been used since the 50s in statistics (see, e.g., Robinson (1991)). Under classical
assumptions for the variance components (i.e., W = 02Ty and R = 02Ix7), (2.5) simplifies
to
(2:6) min [ly — X8 — Zo|* + M,

(a.B)
where the penalty A||a|? serves to shrink the individual effects estimates toward zero to
improve the performance of the estimate of 3, and the tuning parameter A\ = o2 /o2 controls
the degree of shrinkage. The GLS estimator of 3 is,

B =XV X)XV,

where V(A\)™! = [I — (T + \)71ZZ']. The estimator is unbiased for all positive ), and
obviously it can be represented as a function of V!, the variance matrix of the GLS
estimator )
1 o
Vie | I-—2 77

ol To2 + o2



This reparametrization offers an alternative view on Maddala’s (1971) result, which states
that fixed effects (FE), pooled least squares (OLS), and GLS estimators weight differently
the between-group variation. It follows that,

lim B(\) = Bre(0) = (XV(O) ' X)T'XV(0) 'y

lim B(N) = Pors(co) = (X'V (o) ' X)XV (00) My

2.2. Quantile Regression Model and Estimator. Because the error term u; in (2.1)
is assumed to be mean zero and orthogonal to the independent variables, the conditional
mean function of the unobserved effects model is

E(yit| @i, i) = €}, 8 + i,

where y;; is the response, x;; is the vector of covariates, and «; is an individual fixed effect.
In this paper, we consider the analogous conditional quantile model of the form

(2.7) Qv (Tjlxit, i) = xuB(1)) + e
for all quantiles 7; in the interval (0,1). We assume that the individual effect does not
represent a distributional shift, since it is unrealistic to estimate it when the number of
observations on each individual is small. The individual specific effect «; is a pure location
shift effect on the conditional quantiles of the response.

Koenker’s (2004) interpretation of the Gaussian random effects estimator as the penalized

least squares estimator for the fixed effects extends the scope of quantile regression to panel
data models. He introduces an analogous class of penalized estimators,

J T N N
{B(rj, N}z {ai ()L} = arg %ﬂgz D> witn (i — @ B(ry) — i) + A ol
T j=1t=1i=1 i=1

where pr(u) = u(r; — I(u < 0)) is the quantile loss function, and w; is a relative weight
given to the jth quantile. The weights control the influence of the quantiles on the esti-
mation of the individual effects. For A = 0, we have the fixed effects estimator, while for
A > 0, the penalized estimator with fixed effects. In the analysis, the choice of the shrink-
age parameter A remained to be investigated, therefore we will focus on the derivation and
implementation of a method for selecting precisely how much shrinkage it is needed. Un-
der certain conditions, as will become clear in our later analysis, the estimator ,B(T, A) is
asymptotically unbiased for all positive A, therefore it is reasonable to consider choosing A
to minimize asymptotic variance. Our optimal choice of A will give the minimum variance
estimator in the class of penalized quantile regression estimators, the analog of the GLS in
the class of penalized least squares estimators for panel data.

3. AsYMPTOTIC THEORY

We begin with the asymptotics in the case of one quantile when the number of cross
sectional units and the number of time periods both go to infinity. Then, we derive the
asymptotic distribution of the panel data quantile regression estimators for several quantiles
simultaneously estimated. We use notation that is standard. The symbol “—” signifies
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convergence in probability, “~” denotes convergence in distribution, sgn(a) is the sign of
a, and trA means trace of the matrix A.

3.1. Asymptotics for the Unobserved Effects Model when T, and N tend to
infinity. Consider the model,

Yit = T8 + o + Ui,
where y;; is the response, x;; is the vector of covariates, «; is a latent time-invariant effect,

and wu; is the error term. Assume the following regularity conditions,

A 1. The variables y;; are independent with conditional (on x;, and «a;) distribution func-
tions Fj, and continuous densities f;; uniformly bounded away from 0 and oo at the points
&t(r)fort=1,...,Tandi=1,...,N.

A 2. The random variables «;, stochastically independent of x;;, are exchangeable, iden-
tically, and independently distributed with unconditional distribution functions G; with
median zero, and continuous densities g; for i = 1,..., N.

A 3. There exist positive definite matrices Dy, D7, Do, and D3 such that

. T1=7), o)) . 1 S
Dy, = 1 — " (X'M'MX);: D= 1 —— (X' MPMX
0 = pim oy Ji Di= lim oyl )
— : 1 v/ V. . . 1 S ol
Dy = lim py&XX) Ds= lm 75 (XX

where M =1 — P, P = Z(Z'®Z)'2'®, X = (Z®2)"'Z'®X, ® = diag(fu(&:2(7))),
and ¥ = diag(g;(0)).

A 4. max||z;||/VTN — 0.
A 5. There exists a constant ¢ > 0 such that N¢/T — 0.
A 6. The regularization parameter A\ /vT — XA >0 .

The behavior of the conditional density in a neighborhood of £;(7) is crucial for the as-
ymptotic behavior of the quantile regression estimator. Condition A1 ensures a well-defined
asymptotic behavior of the quantile regression estimator. Condition A2 is an additional
condition, to the ones assumed in Koenker (2004), needed to model the unobserved effects
model. The unobserved specific effects are randomly generated with g;(-) being a density
function. In condition A3, the existence of the limiting form of the positive definite ma-
trices is used to invoke the Lindeberg-Feller Central Limit Theorem. In particular, while
Dy and Dy, are used in the piece of objective function that corresponds to the standard
quantile regression problem, Dy and D3 are used in the piece of objective function that cor-
responds to the penalty term. Condition A4 is important both for the Lindeberg condition
and for ensuring the finite dimensional convergence of the objective function. Condition A5
is needed to make sure that the contribution of the remainder term that comes from the
Bahadur representation of the individual effects is asymptotically negligible. Condition A6
is required to achieve a square root-n consistency.



Consider the objective function for a single quantile,

T N
Vew(8) = 37 S {or (it — &) — b0/ VT — ly81(7)/VTN)

t=1 i=1
N
= pr(yie = &™)} + A i + 60i/VT| = Jail}
=1

where (1) = a; + @}, 8(7). Note that the minimizer of Vpy(4) is

do1 VT (a1 — ay)

(ST
Il

don VT(ay — ay)

81(7) VTN(B(r) - B(7))

Theorem 1. Under the reqularity conditions A1-6, the minimizer of the objective function
argminVpn (01(7)) ~ argminVy(d1(7))

where
Vo(81(r)) = ~81() (B + AC) + 561(r) (D1 + 2AD5)1(7)

and B, and C are zero mean Gaussian independent vectors with covariance matrices Dy,
and Do, respectively.

Remark 1. The Bahadur representation of the unobserved specific effects contains only
one “interesting” term, which depends on 81 (7). Lemmas 1 and 2 show that the asymptotic
contribution of the terms that contain v(-) are negligible confirming that the finite dimen-
sional convergence holds, without the necessity of cumbersome algebra. For completeness,
we extended the proof to include the remainder terms in Appendix A.

Corollary 1. Let () = Do+ A\2Ds, and X1()\) = Dy +2\D3. Under the conditions of
Theorem 1,

VIN(B(7) = B(r)) ~ N(0,Z1(N) ' Zo(N) =i (M) )

Before turning to the penalized estimator, we consider the fixed effects case setting A
equal to zero. In the iid case {u;;} ~ F, we obtain an estimator that is asymptotically
similar to the classical fixed effects estimator,

VIN(B(r) - B(r)) ~ N(0,0°Dy")
where w? = 7(1 = 7)/f2, fu(&u(7)) = f for all i,t, and Dy = limy 100 7o X' M X. The
asymptotic relative efficiency of Bj, which is simply the ratio of the asymptotic variances,
in the iid case yields ARE = w?/02. Therefore, the fixed effects case gives the standard

result that the median quantile regression estimator has smaller asymptotic variance than
the least squares estimator if (2f)~! < o,,.

Corollary 2. Under the conditions of Theorem 1, the penalized quantile regression estima-

tor B(, \*) is asymptotically normally distributed with mean B(t) and covariance matriz
S A TIE(A)B 1 (A) 7! where A* = arg min{tr3(\) T Zo(A) S (\) 71}
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3.2. Asymptotics for the Unobserved Effects Model when T, and N tend to
infinity: J Quantiles Simultaneously Estimated. Consider the following regularity
conditions,

B 1. The variables y;; are independent with conditional (on x;, and «;) distribution Fj,
and continuous densities f;; uniformly bounded away from 0 and oo at the points &;(7;) for
j=1,....J,t=1,...,Tandi=1,...,N.

B 2. The random variables «;, stochastically independent of x;;, are exchangeable, identi-
cally, and independently distributed with unconditional distribution function G; with me-
dian zero, and continuous densities g; for i = 1,..., N.

B 3. There exist positive definite matrices Hy, Hy, Hs, and Hj3 such that

QuX'MIMX ... QuX'M|M;X
0 T,]\ITIEOOTN : ’ '
O X'M/MX ... QX M,M;X
le’M{<I>1M1X 0
Ho = lm 7~ | )
0 WJXMJq)JMJX
XX, ... XX,
He = m omw | i 0 F
XX, X'\ X;
XX, 0
H3 - T,]l\lflgooﬁ : B ~ : ~
0 ... X,¥X;

where Qi = wi(TpAT =T 7)wy, M = I-Pj, Pj = Z(Z’<I>jZ)_1Z’<I>j, ®; = diag(fir(&i(15))),
¥ = diag(g;(0)), and X; = (Z'®;2)"1Z'®; X.

B 4. max||zy||/VTN — 0.
B 5. There exists a constant ¢ > 0 such that N¢/T — 0.
B 6. The regularization parameter Ay/vT — X\ > 0.

Condition B1 ensures a well defined asymptotic behavior of the estimators by imposing
variability around the J conditional quantiles. Condition B2 is interpreted as A2. The
existence of the limiting form of the positive definite matrices, assumed in B3, is needed
to invoke the Lindeberg-Feller Central Limit Theorem. Positive definite matrices Hy and
H, are used in the piece of the objective function that corresponds to multiple quantile
regression problem, while Hy, and Hj are used in the piece of the objective function that
corresponds to the penalty term. Conditions B4-6 have the same implications for the
asymptotic behavior of panel data quantile regression estimators than A4-6.
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Theorem 2. Under the reqularity conditions B1-6, the minimizer of the objective function
argminVpn (81) ~ argminVp(d1)

where )
Vo((sl) = —53(3 + )\C) + 56/1(H1 + 2/\H3)51

and B, and C are zero mean Gaussian independent vectors with covariance matrices Hy,
and Hsy, respectively.

Corollary 3. Let T'g(\) = Hy + A\2>Hs, and T'1(\) = Hy +2\Hj3. Under the conditions of
Theorem 2,

VIN(B(1) = B(7)) ~ N(0,T1(A) "' To(NT1(A) )

Remark 2. The contribution of the penalty to the limiting objective function leads to a
variation of the existing quantile regression asymptotic theory. When the o’s are drawn from
a conditional distribution function with median zero, the asymptotic bias of the penalized
quantile regression estimator is zero, and the asymptotic variance depends on .

Corollary 4. Under the conditions of Theorem 2, the penalized quantile regression estima-

tor B(T, A*) is asymptotically normally distributed with mean B(7) and covariance matriz
Ty (A7 ITo(A)T1 (M) ™! where A* = argmin{trT1(\) " To(A)T1(A) 71},

Corollaries 2 and 4 state the main theoretical results: the asymptotic distribution of the
quantile regression estimators. In the next section, we show the existence and uniqueness

of \*.

4. EXISTENCE, UNIQUENESS AND ESTIMATION

The primary objective is now to show that the optimal tuning parameter \* exists and
it is unique under the regularity conditions. The result, formally established in Theorem 3,
holds under the conditions of Theorem 2 and Lemmas 3-6 (Appendix A)'.

Theorem 3. Under conditions B1-6, there exists a unique minimizer

= arglgli% {trl"l()\)_ll"o()\)I‘l()\)_l}
€

Theorem 3 shows that it is possible to have an estimator that is, on average, more efficient
than the fixed effects and pooled quantile regression estimators. Unfortunately, the optimal
parameter \* may be subject to a scaling problem, which can be eliminated selecting one
element of the main diagonal of the asymptotic covariance matrix®. The following corollary
derives the exact amount of shrinkage that leads to the minimum variance quantile regression
estimator for a single parameter, say (.

B 7. The kth column of X is a time-varying covariate &y = (211, ...,Zn7) such that
Titk 7 Tis ) for at least for one s # ¢.

1 emmas 3 and 4 show that there exists a non-empty and compact set, defined by the eigenvalues ¢ of the
asymptotic covariance matrix. Lemmas 5 and 6 show that the rational functions, obtained after we derive
the spectral decomposition of the asymptotic covariance matrix, are strictly convex.

2This was pointed out by Professor B. Hansen.
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Corollary 5. Under conditions B1-7, the unique optimal value of the reqularization param-
eter that minimizes the asymptotic variance of the penalized quantile regression estimator

/Bk(Tja )\*) z's,
. Sijw;CM]{MjLEk:fZ;-k‘I’:fﬁjk

- ! ’'d . ] ~7 =
wjaciji)]M]mkmjkm]k

Remark 3. In the iid case for the median the optimal tuning parameter is simply A* =
g/ f, which shrinks in the same way than A\ = 0,/0,. When the scale parameter of the
distribution of the «; tends to infinity, we see that the optimal A tends to zero. In contrast,
when the scale parameter tends to zero, the optimal A tends to infinity.

Remark 4. Because we do not need to assume (i) a Gaussian structure, (ii) existence of
second moment (e.g., a; or u;; can be assumed to be drawn from a Cauchy distribution) and
(iii) spherical errors, the optimal A* appears as a robust alternative to A = 0, /0. Although
we will be forced to estimate the unknown parameter A*, there will be no need to guarantee
non-negative estimates of 0., a frequent problem well documented in the literature.

4.1. Estimation. This section briefly suggests how to construct an estimator, A, for the
optimal degree of shrinkage, A*, that crucially depends on estimation of the conditional
density f(£(7)) and the density of the individual effects g(0).

4.1.1. Estimating f. The estimates are based upon the large literature on estimating f(F(7)~1)
in the quantile regression model for cross-sectional data (see, e.g., section 3.4 in Koenker
(2005) for a review of methods). In iid settings, we need to estimate the (nuisance) sparsity

parameter

s(r) = [f(F(r) =)™
to estimate the precision of the quantile regression estimator. Writing F(F(t)~!) = t
and differentiating gives the sparsity s(¢), which have been suggested as approaches to
estimation, including finding the slope of an empirical based F' at the 7-th quantile (Koenker
and Bassett 1982). In particular, we use the fixed effects residuals

(4.1) ir(7) = yir — T B(7, 0) — G;(0)

to construct a first empirical distribution function F', and then an estimate of s(7). In non-
iid settings, we consider Hendricks and Koenker (1992) proposal estimating the conditional
density f at x by

fil¢(r)|®) = 2hnr /2" (B(T + hyr,0) — B(1 — hr,0))

where hy7 is a bandwidth that tends to zero as the sample size increases. We will also
consider Powell’s (1991) kernel method on normalized residuals, as described in equation
(4.1), using the bandwidth and the estimates of scale proposed in Koenker (2005).

4.1.2. Estimating g. Here we propose to obtain the estimate ¢ based on individual effects
&;(0), denoted below simply as &;. If this idea could give us a consistent estimate of g, the
first asymptotic requirement should be that &; — «;. The Bahadur representation of this
individual “fixed” effect, considered in Koenker (2004), can be written as,

di — Q0 = A 1141 Z Z mztwﬂ' Yit — gzt Z T;Z)T Yit — gzt )) + AQ_IRTi

tlzl
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where Ag = (NT)™! Zle Zf\il faxixl, Ay =T7" Zle firxh,, and
1 I 1 T N
Ay = T Z fit + A1A, NT ZZ fitTit
t=1 t=1 i=1
Under the conditions of Koenker’s (2004) Theorem 1, and previous regularity conditions,
it can be shown that the fixed effects estimator &; — «;. (This should be regarded as a
pure heuristic argument, since we overlook the contribution of the remainder terms). The
second minimal requirement should be § — g, so below we consider consistent estimation
strategies for the density g(&;).
The first approach examines logspline density estimation (Kooperberg and Stone 1991)
that employs the exponential family model,

g(;0) = exp {O’B(a) — log < / exp(o’B(a))da> }

where B = (Bi(a), ..., By(«)) are a B-spline basis of S, a p-dimensional subspace of the set
of twice continuously differentiable functions on R, and € = (6,,...,0,) € RP with #; and 6,
less than zero. They refer to the family g(-;0) as a log-spline family, then

9(6i; 09)
is the log-spline density estimate. The estimates &; and 6 are obtained using fixed effects
quantile regression and maximum likelihood (ML), respectively. In logspline models, the
main problem is selecting the number of knots, which is analogous to select a bandwidth
in kernel density estimation. The density g is estimated using the Kooperberg and Stone
knot addition and deletion algorithm.
We also estimate the density of the individual effects using kernel methods,
L (G
Nhy ; <hN>

with a sample of individual fixed effects estimates {44, ..., &N}, a Gaussian kernel K (-) and
a bandwidth hy. The selection of the smoothing parameter is unclear, so we consider (i)
Silverman’s (1986) rule of thumb hy = 0.9min{é,R/1.34}N~'/5, where ¢ is the standard
deviation and R denotes the inter-quartile range, (ii) Scott’s (1992) variation of the previous
formula replacing the constant 0.9 by 1.06, and (iii) Scott’s (1992) unbiased cross validation
criterion as described in Venables and Ripley (2002).

5. MONTE CARLO RESULTS

In this section we will report the results of several simulation experiments designed to
evaluate the finite sample performance of the method considered above. First, we will
investigate the bias and variance of the penalized estimator. Second, we will study the
performance of \ as an estimator of A*, and then we will contrast the performance of the
penalized quantile regression estimator with classical panel data estimators.

Two versions of the model are considered in the simulation experiments. The dependent
variable is generated from the location shift model,

(5.1) Yit = Bo + Brxi + oy + g
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FIGURE 5.1. Small sample performance of the quantile regression estimators
as a function of the reqularization parameter. The upper panels present the
performance of the slope estimate, and the lower panels the performance of
an estimate of the first five individual specific effects. Each dot represents a
statistic based on 400 randomly generated samples. The additional vertical

line on the x-axis gives the optimal value \*.

and from the location-scale shift model

(5.2)

yit = Po + Brzit + o +yo(1 + Mzie)ui

where «; ~ G and uy ~ F. The independent variable z;; is generated as in Koenker (2004)
and the parameters of the model are assumed to be 0 and 1 for the intercept and slope,

respectively.

Considering the location-shift model and assuming that a; and u; are iidd N(0,1), we
evaluate the small sample performance of A* generating data from a small data set: N = 50
and T' = 5. Because «; and u;; are independent and identically distributed Gaussian random
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variables with scale parameter equal to 1, a priori we expect that a tuning parameter equal
to 1 would perform well.

Monte Carlo evidence, presented in Figure 5.1, suggests that the estimator of the slope
parameter has essentially zero bias for all A, and its variance does change with A. The
variability of the estimator decreases first, then increases, and lastly it is constant in A giving
rise to the questions: What is the optimal A parameter, and how can it be determined in
this case? Letting j = k = 2 and 5 = w9 = 0.5, Corollary 5 gives A* = 1. Therefore, the
method correctly chooses the value of the shrinkage parameter, reducing the variability of
the fixed effect estimator 16 percent without sacrificing bias.

In the lower panels, we report the performance of the first five individual specific effects
estimates. We see now that both bias and variance of &;’s changes with A. Individual effects
are estimated using a small number of observations 7', therefore small biases were expected.
The bias vanishes when A increases because, although «; is poorly estimated, A forces the
individual effect estimator to be equal to the location parameter of the distribution of the
individual effects. The lower-right panel shows that the variance of the shrunken coefficient
goes to zero as A increases.

We now investigate the performance of the estimator ) in several models considering
three quantiles 7 = {0.25,0.50,0.75}, sample sizes N = {50,100,500} and T" = {5, 15,25},
and using the density estimation methods described above. The Monte Carlo results at the
0.25 quantile were similar to the results at the 0.75 quantile, so we will only report estimates
at the 0.25 quantile.

We estimate \* assuming that the distribution function of the error term F' and the
distribution function of the individual specific effects G are Gaussian and unknown. Without
loss of generality, we assume that the parameters of the model are equal to zero. While we
estimate the scalar sparsity parameter in the location shift model, we use Powell’s kernel
method (implemented in Koenker (2006)) in the location-scale shift model. On the other
hand, we use a logspline method and a Gaussian kernel with three different bandwidths to
estimate ¢: Silverman’s (1986) rule of thumb (S86 in Table 5.1), Scott’s (1992) variation
(S92), and Scott’s (1992) unbiased cross validation (UCV).

We see that while the logspline method performs better than kernel methods in the
location shift model, it performs worse than kernel methods in the location-scale shift
model. We also observe that the bias has a tendency to decrease as we increase the sample
size. For example, using the logspline method to estimate the density of the individual
effects ¢ in the location shift model, the bias is reduced from 5.9 percent (N = 50 and
T =5) to 0.3 percent (N = 500 and 7' = 25) at the 0.5 quantile. We also observe that as
the sample size increases and consequently A goes to A*, the feasible penalized estimator
By (5, 5\) is almost indistinguishable from the unfeasible penalized estimator Bl(Tj, A%).

We compare, in Table 5.3, the performance outside the class of quantile regression es-
timators considering the following estimators: (1) the ordinary least squares (OLS); (2)
the fixed effects estimator (FE);(3) the GLS estimator; (4) the pooled quantile regression
estimator (QR); (5) the fixed effect quantile regression estimator (FEQR); (6) the penalized
quantile regression (PQR).

We expand the design of the experiment. The y variables are generated as before, and
the x series are generated using a similar method to that of Nerlove (1971) and Baltagi



Bias RMSE
Log Kernel Methods Log Kernel Methods
Spline S86 S92 ucv Spline S86 S92 ucv

N T Quantile 7 = 0.25 - Location Shift Model
50 5 0.1207  0.2532 0.2701 0.2729 0.3506  0.4225 0.4291 0.4566
50 15 0.0895 0.0887  0.1100 0.1129 0.3785 0.2677  0.2752 0.3144
50 25 0.0406 0.1152 0.1346 0.1391 0.3145 0.2861 0.2923 0.3155
100 5 0.1356 0.2454  0.2593 0.2596 0.3276  0.3659 0.3723 0.3949
100 15 0.0792 0.0677  0.0864 0.0851 0.3145 0.2124 0.2213 0.2455
100 25 0.0277  0.0993 0.1177  0.1171 0.2399  0.2261 0.2334 0.2631
500 5 0.1967  0.2390 0.2480 0.2441 0.2729  0.2987  0.3036 0.3099
500 15 0.0060 0.0499 0.0606 0.0566 0.1106  0.1276 0.1330 0.1404
500 25 0.0343 0.0838 0.0933 0.0928 0.1266  0.1499 0.1546 0.1611
N T Quantile 7 = 0.50 - Location Shift Model
50 5 0.0586 0.1965 0.2149 0.2178 0.3229  0.3810 0.3869 0.4125
50 15 0.0735 0.0973 0.1194 0.1209 0.3670  0.2780 0.2848 0.3382
50 25 0.0738 0.0916 0.1103 0.1180 0.3321 0.2534 0.2606 0.2941
100 5 0.0620 0.1796 0.1947  0.2003 0.2796  0.3135 0.3192 0.3423
100 15 0.0275 0.1049 0.1214 0.1269 0.2431 0.2321 0.2394 0.2800
100 25 0.0511 0.0862 0.1027 0.1062 0.2511 0.2073 0.2134 0.2441
500 5 0.0984  0.1508 0.1610 0.1569 0.1861 0.2162 0.2217  0.2280
500 15 0.0213 0.0786 0.0897  0.0836 0.1089  0.1474 0.1524 0.1665
500 25 0.0030 0.0591 0.0692 0.0668 0.0989  0.1285 0.1332 0.1414
N T Quantile 7 = 0.25 - Location-Scale Shift Model
50 5 0.0424  0.1192 0.1402 0.1460 0.3070  0.2896 0.2989 0.3299
50 15 0.1073 0.0553 0.0753 0.0816 0.3880 0.2184 0.2226 0.3010
50 25 0.0685 0.0975 0.1168 0.1258 0.3420  0.2564 0.2617  0.3167
100 5 0.0249 0.1184  0.1350 0.1323 0.2341 0.2540 0.2618 0.2982
100 15 0.1241 0.0250 0.0438 0.0419 0.3396  0.1529 0.1612 0.1847
100 25 0.0784  0.0821 0.1010 0.0976 0.2846  0.2020 0.2097  0.2323
500 5 0.0007  0.0498 0.0608 0.0562 0.1114  0.1360 0.1417  0.1521
500 15 0.0728 0.0088 0.0024 0.0012 0.1762 0.0810 0.0692 0.0773
500 25 0.0079 0.0682 0.0784 0.0732 0.1005 0.1338 0.1382 0.1519
N T Quantile 7 = 0.50 - Location-Scale Shift Model
50 5 0.1578 0.0130 0.0349 0.0450 0.4739  0.2118 0.2192 0.2774
50 15 0.1439 0.0252 0.0457  0.0557 0.4558  0.2021 0.2062 0.2435
50 25 0.1510 0.0190 0.0403 0.0474 0.4307  0.1754 0.1824 0.2420
100 5 0.1207  0.0278 0.0455 0.0453 0.3517  0.1723 0.1805 0.2014
100 15 0.1369 0.0130 0.0316 0.0355 0.3587  0.1484 0.1544 0.1894
100 25 0.1125 0.0312 0.0489 0.0498 0.3570  0.1596 0.1653 0.2022
500 5 0.0677  0.0107  0.0014 0.0069 0.1793  0.0929 0.0785 0.1029
500 15 0.0168 0.0419 0.0531 0.0496 0.1063  0.1066 0.1126 0.1234
500 25 0.0044  0.0571 0.0677  0.0597 0.0970  0.1251 0.1291 0.1403

TABLE 5.1. Bias and RMSE ofj\ for the optimal amount of shrinkage \*.
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(1981), having an intraclass correlation coefficient p = 02 /(02 + o2) either {0.4,0.8} for a
fixed number of cross sectional and time data points N = 50 and T' = 5, a small panel data



Bias RMSE

QR QRFE PQR FPQR QR QRFE PQR FPQR
N T Quantile 7 = 0.25 - Location Shift Model
50 5 0.0015 0.0062 0.0049 0.0048 0.0765 0.0793 0.0649 0.0665
50 15 0.0005 0.0005 0.0006 0.0009 0.0636 0.0434 0.0412 0.0410
50 25 0.0005 0.0016 0.0013 0.0012 0.0604 0.0323 0.0304 0.0303
100 5 0.0037 0.0056 0.0044 0.0039 0.0495 0.0575 0.0435 0.0441
100 15 0.0035 0.0014 0.0010 0.0012 0.0451 0.0307 0.0281 0.0278
100 25 0.0009 0.0001 0.0004 0.0005 0.0383 0.0231 0.0216 0.0215
500 5 0.0002 0.0005 0.0005 0.0005 0.0229 0.0276 0.0206 0.0212
500 15 0.0002 0.0002 0.0003 0.0003 0.0190 0.0140 0.0126 0.0126
500 25 0.0004 0.0002 0.0002 0.0002 0.0183 0.0110 0.0103 0.0103
N T Quantile 7 = 0.50 - Location Shift Model
50 5 0.0011 0.0025 0.0008 0.0001 0.0709 0.0745 0.0631 0.0626
50 15 0.0004 0.0015 0.0015 0.0017 0.0594 0.0420 0.0385 0.0392
50 25 0.0005 0.0022 0.0017 0.0017 0.0561 0.0306 0.0290 0.0289
100 5 0.0037 0.0068 0.0063 0.0058 0.0443 0.0552 0.0421 0.0415
100 15 0.0037 0.0029 0.0028 0.0028 0.0414 0.0308 0.0276 0.0275
100 25 0.0019 0.0003 0.0001 0.0000 0.0364 0.0228 0.0210 0.0210
500 5 0.0001 0.0008 0.0002 0.0001 0.0206 0.0268 0.0190 0.0189
500 15 0.0002 0.0005 0.0005 0.0005 0.0180 0.0136 0.0125 0.0125
500 25 0.0008 0.0000 0.0000 0.0000 0.0173 0.0109 0.0100 0.0100
N T Quantile 7 = 0.25 - Location-Scale Shift Model
50 5 0.0208 0.0173 0.0136 0.0140 0.0796 0.0812 0.0663 0.0656
50 15 0.0172 0.0005 0.0014 0.0014 0.0653 0.0427 0.0385 0.0383
50 25 0.0232 0.0045 0.0050 0.0049 0.0605 0.0289 0.0275 0.0275
100 5 0.0256 0.0127 0.0121 0.0117 0.0511 0.0513 0.0406 0.0411
100 15 0.0213 0.0073 0.0061 0.0059 0.0444 0.0273 0.0254 0.0254
100 25 0.0225 0.0027 0.0026 0.0025 0.0448 0.0229 0.0216 0.0217
500 5 0.0245 0.0144 0.0123 0.0122 0.0235 0.0251 0.0202 0.0201
500 15 0.0229 0.0045 0.0044 0.0044 0.0191 0.0131 0.0119 0.0119
500 25 0.0194 0.0028 0.0026 0.0026 0.0190 0.0090 0.0085 0.0085
N T Quantile 7 = 0.50 - Location-Scale Shift Model
50 5 0.0020 0.0041 0.0022 0.0022 0.0721 0.0794 0.0587 0.0597
50 15 0.0020 0.0033 0.0017 0.0016 0.0617 0.0422 0.0378 0.0382
50 25 0.0032 0.0018 0.0020 0.0023 0.0572 0.0288 0.0276 0.0278
100 5 0.0015 0.0032 0.0003 0.0005 0.0481 0.0501 0.0410 0.0407
100 15 0.0002 0.0024 0.0007 0.0006 0.0400 0.0257 0.0253 0.0259
100 25 0.0001 0.0000 0.0001 0.0001 0.0433 0.0225 0.0210 0.0210
500 5 0.0012 0.0003 0.0010 0.0010 .0227  0.0245 0.0192 0.0190
500 15 0.0012 0.0001 0.0002 0.0002 0.0183 0.0126 0.0117 0.0116
500 25 0.0018 0.0004 0.0001 0.0001 0.0181 0.0089 0.0087 0.0087

TABLE 5.2. Bias and Root Mean Square Error for the Slope. PQR stands for
the unfeasible penalized estimator B1(t,\*) and FPQR denotes the Feasible
Penalized Estimator B1(1, A).
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Panel Data Estimators
P A « u Statistic Least Squares Quantile Regression
OLS FE GLS QR FEQR PQR

Quantile 7 = 0.5 - Location Shift Model

04 145 N N Bias 0.0016 0.0000 0.0010 0.0008 0.0015 0.0017
Std. Error 0.0397 0.0548 0.0361 0.0442 0.0596 0.0433

0.70 t3 i3 Bias 0.0011  0.0018 0.0013 0.0030 0.0018 0.0010

Std. Error 0.0903 0.0923 0.0744 0.0530 0.0700 0.0495

0.95 tz3 N Bias 0.0011  0.0020 0.0014 0.0030 0.0017 0.0034

Std. Error 0.0674 0.0983 0.0596 0.0720 0.1112 0.0676

0.70 N t3 Bias 0.0074 0.0039 0.0062 0.0055 0.0019 0.0026

Std. Error 0.0616 0.0782 0.0519 0.0651 0.0633 0.0504

0.8 045 N N Bias 0.0001  0.0017 0.0012 0.0016 0.0020 0.0025
Std. Error 0.0473 0.0322 0.0285 0.0547 0.0357 0.0331

0.20 t3 i3 Bias 0.0034 0.0058 0.0052 0.0031 0.0010 0.0015

Std. Error 0.0884 0.0539 0.0485 0.0668 0.0426 0.0390

0.45 t3 N Bias 0.0022  0.0005 0.0009 0.0027 0.0006 0.0004

Std. Error 0.0678 0.0423 0.0378 0.0566 0.0483 0.0409

0.45 N t3 Bias 0.0026  0.0010 0.0001 0.0079 0.0047 0.0050

Std. Error 0.1290 0.0843 0.0740 0.1523 0.0668 0.0630

Quantile 7 = 0.5 - Location-Scale Shift Model

04 185 N N Bias 0.0010  0.0002 0.0009 0.0010 0.0029 0.0009
Std. Error 0.0415 0.0607 0.0388 0.0479 0.0650 0.0467

0.35 t3 t3 Bias 0.0029 0.0035 0.0032 0.0065 0.0029 0.0018

Std. Error 0.1180 0.0742 0.0735 0.0556 0.0549 0.0440

2.10 ts N Bias 0.0061 0.0029 0.0056 0.0053 0.0063 0.0027

Std. Error 0.0841 0.1222 0.0745 0.0775 0.1266 0.0727

1.35 N i3 Bias 0.0058 0.0051 0.0048 0.0119 0.0021 0.0057

Std. Error 0.0994 0.1532 0.0886 0.1030 0.1257 0.0891

0.8 025 N N Bias 0.0038 0.0029 0.0007 0.0033 0.0042 0.0039
Std. Error 0.0485 0.0380 0.0297 0.0551 0.0403 0.0357

0.05 t3 t3 Bias 0.0002 0.0024 0.0024 0.0023 0.0003 0.0004

Std. Error 0.0656 0.0130 0.0123 0.0477 0.0095 0.0095

0.85 t3 N Bias 0.0021  0.0055 0.0044 0.0006 0.0068 0.0036

Std. Error 0.0644 0.0443 0.0367 0.0532 0.0459 0.0392

0.55 N i3 Bias 0.0306 0.0066 0.0011 0.0457 0.0040 0.0085

Std. Error 0.2502 0.1472 0.1186 0.2707 0.1154 0.1080

TABLE 5.3. Small Sample Performance of Panel Data Slope Estimators.

set representing an unfavorable scenario for A selection. The parameters of the models are
assumed to be 0 and 1 for the intercept and the slope, respectively®. We report the results
based on 400 replications.

Motivated by Horowitz and Markatou (1996) finding of student ¢ tail behavior, we inves-
tigate the relative performance outside the Gaussian setting considering three alternatives
to the standard case of error components normally distributed (A'). The variables are

3The location-scale case imposes different considerations for the model and the estimators. The intraclass
correlation coefficient is now p = 02 /(o2 + %), where &> denotes the expected value of the conditional
variance y§(1 + 71 :0)203. The parameter 7 is set equal to 1 when either one or two of the error components
has Gaussian distribution. When «, u ~ t3, the variances of the random components are given, thus we use
~o to produce different values of the intraclass correlation coefficient. The parameter o takes the value 0.46
when p = 0.4, and the value 0.08 when p = 0.8. The parameter 7; is equal to 0.1 in all the variants of the
model.
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drawn from a t-student distribution with 3 degrees of freedom (t¢3), and also from different
distributions (e.g., ; is drawn from N and wu;; from t3)4.

In Table 5.3, we see that the PQR is unbiased, robust, and it attains the minimum
variance in the class of quantile regression estimators for longitudinal data. The maximum
bias is 0.5 percent, and the estimator is more efficient than the true GLS estimator when
u; ~ tz. When the intraclass correlation coefficient is positive, the penalized quantile
regression estimator is considerably more efficient than both QR and FEQR.

6. Two SIMPLE EXAMPLES

In this section, we use data from Baltagi (2001) and Cameron and Trivedi (2005) to
investigate the performance of the A selection device in economic applications. The first
example reproduces Baltagi’s study of the relationship between public capital and economic
performance, the second application complements Cameron and Trivedi’s estimates of the
intertemporal substitution elasticity of labor-supply (MaCurdy (1981), Altonji (1986), Zil-
iak (1997), among others). Our objective is to demonstrate how the penalized quantile
regression estimator for panel data can be obtained and employed.

6.1. Public Capital Productivity. We briefly reconsider an example in Baltagi’s (2001)
book to compare estimates and illustrate how the estimated asymptotic variance could be
obtained. The model is,

Yit = Po + Brk1it + Baka it + Balis + BalUi + o + uy

where y;; is the log of gross state product, ki ; is the log of public capital, kg 4 is the log
of private capital, l;; is the log of labor input, U;; is state unemployment, and «; is a state
fixed effect. This panel consists of annual observations for 48 US states over the period
1970-1986.

We first estimated the asymptotic covariance matrix using the methods presented above,
and then we determined that A equal to 0.47 minimizes an average of the estimated as-
ymptotic variances of the slopes at the median (Figure 6.1, panels a-d). We observe that
the penalized estimator is in general more efficient than the within estimator and less effi-
cient than the classical random effects estimator. The proposed A selection device, which is
computationally attractive relative to the resampling methods that are being investigated,
could be also considered to estimate the standard error of the fixed effects estimator by
simply evaluating the estimated covariance matrix at A equal to zero.

6.2. Hours and Wages. We now reconsider the example presented in Cameron and
Trivedi’s (2005) that uses Gaussian panel data estimators to estimate the responsiveness
of hours worked to hourly wage. Although the fixed effects is in principle the preferred
estimator, tests suggest that classical penalized estimators could be used. In the following
simple framework, we try to explain why it may be informative to consider the effect of
wages in the lower quantiles of the conditional distribution of hours.

4VVhen a; and u;; are drawn from different distributions, the variance of the Gaussian variable is changed
to give the value of p assumed in the experiment.
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to the example presented in Section 6.1, panels (e)-(f) corresponds to the
example presented in Section 6.2.
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6.2.1. A framework for additional empirical research. We consider the classical life-cycle
model of consumption and labor supply (MaCurdy (1981), Altonji (1986), Ziliak (1997)),
assuming the following convenient additively separable utility function

U(Ct, ht) = CtVl — Sthtuz

where 0 < 11 < 1, v > 1, ¢ is consumption, A is hours of work at age ¢, and s is a taste
shifter that may depend on socioeconomic variables including age. The consumer’s problem
is to maximize a lifetime utility function subject to an intertemporal budget constraint.
Assuming that the marginal utility of wealth is constant and that the interior optimum
exists, we have

(6.1) In(hy) = aio + 0ln(w;e) + vt — dln(si)

where In denotes natural logarithm, § = (vo — 1)~! is the intertemporal substitution elas-
ticity, and a;o denotes the marginal utility of wealth at time 0 that is correlated with the
independent variables.

MaCurdy argued that the “taste-shifter” variables may be included in a regression anal-
ysis. He suggested introducing them as a linear term in the labor supply equation, opening
the door for the consideration of alternatives. We may want to incorporate, for example, a
change in the mean and variance of s over time (e.g., the disutility of work is a function of
consumer’s health®). We introduce the variables by simply considering

sit = exp{o; — (1 — n'@it)ui}

where x;; is a vector of variables that could affect preferences, o; is an idiosyncratic com-
ponent and u;; is a zero mean variable. Replacing the equation in (6.1), we obtain,

(62) ln(hn) = q; + 5ln(w2t) + vt + 5(1 — n'mit)uit

If ;; includes natural logarithm of hourly wages®, we obtained a labor-supply function with
multiplicative heterocedasticity”. A change in wages increases the number of hours supplied
by a typical worker, but if his/her actual consumption of leisure is high, it may be the case
that this consumer would be able to offer more hours than the average worker.

6.2.2. Data. We use Ziliak’s (1997) PSID sample, also used in Cameron and Trivedi (2005),
which includes 5320 observations over ten years: 1978-1987. The sample, which is similar to
other data used in previous labor supply studies, includes 532 married, working men aged
between 22 and 60 in 1978. The data set includes observations on annual hours worked
(the mean is 2182 hours with a standard deviation of 492), hourly wage reported by the

SIn this PSID sample, while the empirical probability of having health problems is 5 percent with a
standard deviation of 0.22 for workers under age 45, it is 9.7 percent with a standard deviation of 0.30 for
workers over age 45.

6Tipically x;; includes number of children and age (e.g. today’s disutility of working is nondecreasing
in age). We may also argue that today’s disutility of working is increasing in number of hours worked in
previous weeks, which is correlated with hourly wage. For simplicity we assume that 7 is a vector of ones.

"We test for heterocedasticity in the independent variables using the models that we will estimate below.
We regress natural logarithm of annual hours worked on natural logarithm of wage, age, number of kids,
and a dummy variable for bad health. Like Cameron and Trivedi (2005), we reject (at 1 percent level of
significance) the hypothesis of spherical error in this data set.
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survey participants ($14.9 with a standard deviation of 7.3), age, number of children, and
an indicator for bad health.

Quantiles

Weights A 0.05 0.10 0.15 0.25 0.5 Mean

Fixed Effects Methods Dependent Variable = Log of Annual Hours Worked®
Log of Hourly Wage No 0 0.123 0.049 0.029 0.012 0.000 0.168
Standard Error (0.038)  (0.033) (0.025) (0.018) (0.024) (0.085)
Boot Standard Error [0.032] [0.022] [0.019] [0.016] [0.016]  [0.084]
Log of Hourly Wage Yes 0 0.133 0.056 0.029 0.009 0.000 0.109
Standard Error (0.197)  (0.282) (0.160) (0.079) (0.041) (0.084)
Boot Standard Error [0.032] [0.022] [0.019] [0.016] [0.016] [0.083]

Fixed Effects Methods Dependent Variable = Log of Annual Hours Worked®
Log of Hourly Wage No 0 0.120 0.052 0.032 0.014 0.004 0.167
Standard Error (0.035)  (0.032) (0.027) (0.022) (0.022) (0.087)
Boot Standard Error [0.035] [0.026] [0.025] [0.023]  [0.023]  [0.085]
Log of Hourly Wage Yes 0 0.121 0.047 0.017 -0.002 -0.010 0.110
Standard Error (0.205)  (0.269) (0.202) (0.089) (0.042) (0.084)
Boot Standard Error [0.034] [0.024] [0.022] [0.018] [0.018]  [0.082]

Penalized Methods Dependent Variable = Log of Annual Hours Worked®
Log of Hourly Wage No 0.54 0.126 0.049 0.029 0.012 0.000 0.119
Standard Error (0.031) (0.029) (0.023) (0.017) (0.022) (0.051)
Boot Standard Error [0.032] [0.023] [0.021] [0.019] [0.019]  [0.056]
Log of Hourly Wage Yes 0.53 0.128 0.055 0.029 0.009 0.000 0.120
Standard Error (0.060)  (0.060) (0.057) (0.049) (0.034) (0.052)
Boot Standard Error [0.030] [0.019] [0.015] [0.013] [0.012]  [0.058]

Penalized Methods Dependent Variable = Log of Annual Hours Worked®
Log of Hourly Wage No 0.44 0.125 0.054 0.034 0.016 0.007 0.118
Standard Error (0.031) (0.029) (0.025) (0.021) (0.021) (0.052)
Boot Standard Error [0.034] [0.025] [0.023] [0.021]  [0.021]  [0.056]
Log of Hourly Wage Yes 0.57 0.131 0.059 0.031 0.010 0.004 0.120
Standard Error (0.065)  (0.063) (0.062) (0.052) (0.035) (0.052)
Boot Standard Error [0.030] [0.020] [0.016] [0.013] [0.013]  [0.058]

TABLE 6.1. Simple Estimates of the Labor Supply Elasticity. Mean refers to
within and first difference estimators (Fized Effects Methods) and GLS and
MLE random effects estimators (Penalized Methods). Letter (a) indicates
models without covariates and (b) models with age, number of children, and
a dummy variable for bad health included as covariates. The total number of
observations is 5320.

6.2.3. Empirical Results. Table 6.1 presents results from both the conditional mean model
of equation (6.2) (within and first difference estimators in the category “fixed effects meth-
ods” and GLS and MLE random effects in the category “penalized methods”) and the
conditional quantile model for five quantiles {0.05,0.10,0.15,0.25,0.50}. We consider un-
weighted estimators and weighted estimators with weights {0.05,0.10,0.15,0.25,0.5} over
the estimated quantiles.

Fixed effects estimates are unbiased if this effect is time invariant and wages are uncorre-
lated with the error term. The within estimates suggests a positive elasticity of substitution,
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Estimates Quantiles
of \* 0.05 0.10 0.15 0.25 0.5

Dependent Variable = Log of Annual Hours Worked®

Standard Error §(7;, \) 1.440 0.035  0.032 0.026 0.020 0.023
Standard Error §(7;, \) 0.540 0.031  0.029 0.023  0.017  0.022
Variance Percent Change -0.226 -0.172 -0.219 -0.228 -0.101

Dependent Variable = Log of Annual Hours Worked®

Standard Error §(7;, ) 1.450 0.038  0.033 0.029 0.023  0.023
Standard Error §(7;, A) 0.440 0.031  0.029 0.025 0.021  0.021
Variance Percent Change -0.333 -0.237 -0.239 -0.226 -0.163

TABLE 6.2. Change in the precision of the penalized estimates of the elas-
ticity parameter. The estimator X is obtained using MLE; (a) stands for
omitted and (b) included covariates (age, number of children, and a dummy
variable for bad health). The total number of observations is 5320.

with a point estimate 0.168 and a standard error, corrected for both serial correlation and
heteroscedasticity, equal to 0.085. If instead of focusing at the mean effect we consider
responsiveness of labor supply to wages at several quantiles, we see a tendency to decrease
as we go across the 7’s. For example, considering the unweighted estimator (e.g., equal
weights over the quantiles), the elasticity changes from 12 percent at the 0.05 quantile to 0
percent at the 0.5 quantile.

Although the theoretical framework suggests that the fixed effects is the preferred estima-
tor, a Hausman test does not reject the null hypothesis that the marginal utility of wealth
is independent of log of hourly wages. Therefore, the more efficient penalized estimators
may be considered in this data set (Cameron and Trivedi (2005))5.

The penalized estimators crucially depend on parameters estimated in a first stage. For
example, in the case of quantile regression, we find A by minimizing estimated asymptotic
variance of the elasticity estimator § over the quantiles. In the bottom panels of Figure
6.1, we show two curves representing the average of the estimated variances of the weighted
penalized estimator for the elasticity parameter. The smooth curves are obtained using the
logspline method and Koenker’s (2006) implementation of Powell’s (1991) method. While
\is equal to 0.53 in a model without “taste shifters” (panel e), it is equal to 0.57 in a model

8A natural concern may arise about the estimation of \* given the possible correlation between the sign
of a; and wages, but the estimator ) is consistent because it is a function of unbiased estimates of g and
f. In other words, even in cases where the individual specific effects and the independent variable may be
correlated, we can rely on X because it uses fixed effects estimates for the non-parametric estimation of the
densities. Of course, we are explicitly neglecting that In(w;:) may be correlated with u;: (e.g., a measurement
error problem), but this issue is out of the scope of the paper. On the other hand, the point estimates arising
from the second stage are affected when the sign of o and wages are not independent. The reason is that
the A selection device ignores the contribution of the bias in the estimation of §(7;). Two direction are
being explored. The first one incorporates the bias contribution in Theorem 3 to find the new optimal (now,
in terms of MSE) degree of shrinkage. The second alternative is to follow Chamberlain (1982) approach
decomposing the individual specific effects in two terms. Penalizing the term that is a “pure” noise offers
the possibility of reducing the variability of the fixed effects estimator without sacrificing bias.
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with age, number of children and a dummy variable for bad health introduced as covariates
(panel f).

In the case of classical random effects estimators, we use feasible GLS and maximum
likelihood (MLE) to estimate the variances of ; and w; obtaining the ratio 62/62. A
tentative, more simple approach for A selection in quantile regression may consider instead
A\ = 6y, /Ga, but it could incorrectly estimate the optimal degree of shrinkage because the
estimator is not robust to departures from spherical errors. In our PSID sample, this
alternative leads to less precise point estimates, and consequently incorrect inference (Table
6.2). Averaging over the estimated quantiles, X offers an estimated variance reduction of
19 percent in a model without taste shifters, and it offers an estimated variance reduction
of 24 percent in a model that includes age, number of kids and an indicator for bad health
as covariates. R

In a second stage, we use the values of A to obtain point estimates and covariance ma-
trices (Table 6.1). For completeness, we also report estimates of the standard errors using
panel-boostrap replacing pairs {(In(h;),In(w;)) : i = 1,..., N} over i, as suggested in the
literature (Davison and Hinkley (1997)). Therefore, the first standard error in Table 6.1 is
computed using X and the second one is computed by panel-bootstrap with 1000 replica-
tions.

We see that penalized estimates for the elasticity parameter are quite similar to the fixed
effects estimates, but there are large differences in terms of precision. For example, we
observe that the standard error of the unweighted estimator is reduced 20 percent at the
0.05 quantile and 9 percent at the 0.5 quantile in a model without covariates. The standard
error reduction is even more dramatic for weighted estimators.”

Quantile regression seems to provide additional information than the conditional mean
approach, suggesting that the location-shift model is inappropriate for this data set. More-
over, we obtain more precise estimates of the responsiveness of wages, not only at the center
of the distribution, but also in the lower tail. The estimated effects in the lower tail of the
conditional distribution of log of annual hours are positive and significant, with a tendency
to decrease as we move to the center of the distribution. The evidence suggests that wages
and hours are positively correlated, but workers consuming long hours of leisure, given their
actual wage rate, may prefer to offer more hours.

7. CONCLUSIONS AND EXTENSIONS

This paper investigates a class of penalized quantile regression estimators for panel data.
Assuming that the individual specific effects are drawn from distribution functions with
median zero, we obtain the minimum variance estimator in the class of penalized quantile
regression estimators, the analog of the Gaussian random effects in the class of penalized
least squares estimators for panel data. Rather than Gaussian or Laplacian strategies, the
approach seems to offer a robust alternative for A selection because we do not need to
assume spherical errors and existence of second moments.

IMonte carlo evidence and the empirical evidence suggests that the implementation of the A\ selection
device could give the correct size for the variance of unweighted estimators in panels with 5000 observations,
but the evidence also suggests that further research is needed on selecting the weights w;.
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Although our objective has been to provide a solid theoretical foundation for A selection
in quantile regression methods for panel data, several issues remain to be investigated.
Under some circumstances (e.g., applications using small data sets), the researcher may not
rely on estimated asymptotic variance to find the optimal degree of shrinkage. An approach
based on bootstrap for A selection is being investigated. Within the framework described
above, we have been considering a device for panel data models with endogenous individual
specific effects. This case arises when the independent variables and the individual specific
effects are correlated. Motivated by a correlated random-effects model (Chamberlain 1982),
we have been developing a variation of the estimator to penalize uncorrelated individual
effects. Monte-Carlo evidence revealed that the estimator reduces the variability of the
fixed-effect estimator without introducing bias, which suggests that the A selection device
proposed above may be also valid for a broader class of models.

APPENDIX A. PROOFS

The proofs refer to Knight’s (1998) identities

(A1) prl=0) = prla) = —vr + [ (10 < 9) ~ 100 < 0)ds

(A.2) |u—v|—|u|——v[I(u>O)—I(u<0)]+2/ov(l(u§s)—I(u<O))ds

where ¢, (u) = 7 — I(u < 0) is the quantile influence function.
Proof of Theorem 1: Following the conditions and argument of Ruppert and Carroll (1980),
Koenker and Portnoy (1987), and Koenker (2004), for any (Aog;, A1) > 0,

sup [[vi(d0i, 61) — vi(0,0) — E(vi(doi, 61) — v:(0,0))[| = 0p(1)
[00i|<Ao, [[01]|<A1

where

oo 1 ¢ G, i) Ar b
01(501751) - _ﬁ ;1/}7 (yzt - ﬁ “5\/— gzt('r)) + 2ﬁ¢0.5 <041 + ﬁ)

with ¢, (u) = 7 — I(u < 0). Taking expectation and expanding v;, we obtain

Z( (o e eer) ) e (3o ()

= Zflt (&t (T (f/m_ x, f/l%) - 2%&(0)5}% +0o(1)

Letting f; = TS, fit(€it(7)) + 2T A7 gi(0), we find that

=
&
|

T

Z¢ (yir — &it(T)) —

501‘ _ j/_(51(7') + 1
VT "WVIN TfHi="" “T \/_ Tfi

22 L () + }jTT
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where ; = Zthl wirxit, and wy = fi(&(7))/T fi By A5-A6, Lemma 1 and Koenker’s (2004)
Theorem 1, the second, third and four terms are o(1), therefore we write the objective function as

Vrn (61(7 ZZ{PT yir — &ir(7) — (2}, — &})81(r)/VTN)

t=1 i=1
= pr(yir — (T }+)\T{Z|az_ )/\/—l |os[ }

Using Knight’s (1998) identity, we decompose the objective function in four parts,

Vi (81(7)) = Vi (81(7)) + ViR (81(7)) + VAR (81()) + Vin (81(7))

where,

T N
V@) = =D (@l = #)(61(7)VNTbr (s — (1)

Tt:iVZ:l Vit, TN
ViR@m) = 33 / (I(yie = &t(7) < 8) = I(yar — &ur(7) < 0))ds
t=1 i=1
N
VER@1(7) = —hr 3o (81(7)/VNT) sen(a)
Z]\T1 5:;‘3/1%
VIR@@) = 203 [ (e < 5) - Ter < 0))ds
=1

with vy, rn = (2}, — &})01(7)/VTN. The first two parts corresponds to the decomposition of the
check function p,(-), and the last two parts corresponds to the decomposition of the penalty term
P(.).

The first term is asymptotically Gaussian. By the Lindeberg-Feller Central Limit Theorem and
conditions A3-4,

T N
Wo1(r) = —ﬁzz (Ve (it — (7)) ~ —8(7)' B

t=1 i=1

=

The second term converges in probability to a quadratic term in §;(7). Note that

2 1 T N
EV{Z(‘]\)T(JI(T)) = ﬁ \/—/ Fy gzt )+S/\/—) it(git(T)))dS
1 T
— Tzz.fzt(gzt( (@, — &)81(7))2 + o(1)
t=1 1=1
~ Sa) D)

The variance of VT(?\), (61(7)) converges to zero by condition A4.
The last two terms of Vry (81(7)) represents a decomposition of the stochastic penalty term

_ AT{zm—m b1(7) VT - m}
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By the Lindeberg-Feller Central Limit Theorem, the Slutsky theorem and conditions A3-4, the third
term is asymptotically Gaussian,

B61(r) = \A/T_ \/_Zwsgnozl ~ =6y (1)'C

The fourth term Vﬁ\),(él (7)) is asymptotically quadratic in &1 (7),

) A om [0
EVin(81(7)) = QWZ /O VNT(Gi(s/VTN) — Gi(0))ds

= % 9:(0)(#81(7))* + o(1)
1=1

— /\61 (T)/D361 (T)
Using regularity condition A4, we obtain

N
AT - (4)
Var(Vy (8 < 2———max|Z;6; (T EV;y (61(7)) — 0
VARG < 2 om0 3BV (61(7)

Since Vry(81(7)) is convex, and V(81 (7)) has a unique minimum, it follows that

argmin(Vry (81(7))) = VIN(B(r) — B(7)) ~ argmin(Vo(81(7)))
|
Proof of Theorem 2: Following the conditions and argument of Ruppert and Carroll (1980),
Koenker and Portnoy (1987), and Koenker (2004), for any (Aog;, A1) > 0,

sup [[vij (60is 61) — v35(0,0) — E(vij(d0i, 61) — vi5(0,0))|| = 0p(1)
[00i|<Ao, [161]]<A1

where
J
1 501’ ’ 61 (Tj) /\T 501’
;5 (004, 01) = — W; Pz (yit - —= Ty —&it(15) | +2—=v05 | i + —=
VT = t; VT VTN VT VT
with ¢ (u) = 7; — I(u < 0). Taking expectation and expanding v;;, we obtain
J T
: Frwim) =)+ (e (7))
Evy; = i + =tz +2—= |-G |-
UJ TEZ”( <5”” VT VT \2 VT
J T
00i , 01(Tj A d0i
= LRl (o) <20 o)
Letting fij = T~ 371 S0 wj fur(&ie(75)) + 27~ A7g;(0), we find that
50 J Rrij
P ~ vJ
;CE \/_ wa ;;CUJ?/}T] Yit — §1t(7'g)) \/_\/_f” 1/)0 5( ) \/T

where &;(7;) = thl Witj&ip, and wi; = fir(§e(75))/T fi5. By B5-B6, Lemma 1 and Koenker’s
(2004) Theorem 1, the terms that do not depend on the parameter of main interest §;(7) are o(1),
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therefore the objective function can be written as

N

J T
Ven (1) = Y Y widpry (i — &u(my) — (@) — &i(75))81(75) /VTN)

j=1t=1 i=1

N J
— (i = Ea(m))} + A {D s = Y &il(7)'61(7j)/VTN| — |ail}

i=1 j=1
Again we decompose the equation in four terms

Ve (61) = Vi (81) + ViR (81) + ViR (61) + Vi (é1)

where,

J T N
Van(@) = =S 57N wial, — &:(m))61(m) /VNT e, (it — Eie(77))

j=1t=1i=1
J T N Vitj, TN
Vin@) = S 3 Y / (I(yit — Eir(7j) < 8) = I(yar — &u() < 0))ds
=1 t=1 =1
’ J N
Vin(@1) = A>3 @i(r;) (81(r;)/VNT)sgn(a)
Jj=11i=1
N 51/\/7
ViN(E) = 2/\TZ / (i < 8) — I(o; < 0))ds

with vy rn = (2} — (1) )01(7;)/VTN. The first two terms corresponds to the decomposition of
the weighted sum of the ‘check’ functions, and the last two terms corresponds to the decomposition
of the penalty term.

The first term is asymptotically Gaussian. By the Lindeberg-Feller Central Limit Theorem, and
conditions B3-4,

J T N
V(?/(él) = _\/% 2; lej ) )01 (Tj)w‘rj (yir — &it(75)) ~ _5I1B

The second term converges in probability to a quadratic term in 41,

J N
w

VG = g D00 S s fullalm)) (@ — (7)) () + o(1)

Jj=1t=11i=1
1 !
— 561H161

The variance of VT(?\), (1) converges to zero by condition B4. The last two terms of Vi (9) represents
a decomposition of the stochastic penalty term,

N

J
Oé) = Ar Z|Olz Z‘iz TJ 61 TJ /V | |a1|

i=1 j=1
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By the Lindeberg-Feller Central Limit Theorem, the Slutsky Theorem, and conditions B3-4, the
third term is asymptotically Gaussian,

J N
(3) Ar 1 Y '
Vin(01) = —T=—=>" &(r;)'61(r)sgn(c;) ~ —A6|C

\/T VNj:l i=1

The last term Vﬁ\), (1) has a quadratic contribution,

N ;'i:i 1
EV, 3 (8) = 2%2/0 ’ VNT(Gi(s/VTN) — G;(0))ds

_ Ar ~/ 2
= Ty 2 191( )(@761)° + o(1)
— )\5’1H351

Using regularity condition B4, we obtain

J N
A
Var(Vﬁ\),(él)) < 2\/%maux|$Z 7;) 81(75)] ZZEV}?\,U d1(75)) = 0

Since Vi (d1) is convex, and Vj(d1) has a unique minimum, it follows that

argmin(Vry (1)) ~ argmin(Vy (1))

| |
Lemma 1. 9y (r;) = (Tfi;)~" Zthl witr, (it — &it(75)) — 0 as T — oo.
Proof: Trivially E Ej:l ¥ (7j) = 0. Using Chebyshev inequality,
I I Z‘-] Wil —75) + Z‘-] wijwpTi (1 —74)
P 1/)7’ 1/}7_ > e < Jj=1"3"J J j#h %I J
Z: j ; J T(efi;)?
— 0
It is straightforward to show that the result holds also for J =1 (Theorem 1). [ |
Lemma 2. 9;(0.5) = (VT f;) " o.5(ci) — 0 as T — oo.
Proof: Again Et;(0.5) = 0. Using Chebyshev inequality,
_ _ 1
P{14;(0.5) —E;(0.5)| > €} < ——+—= — 0,
{|‘/’( ) vi( )| €} AT (cf;)2 -
since by A4-A5 and Slutsky Theorem,
/\T 291
Z fu+ == —Ef f
| |

Proof of Remark 1: For completeness, we present a proof that validates the approach used in
Theorems 1 and 2. The contribution to the limiting stochastic objective function of the terms that
does not depend on d;(7) are, under our assumptions, asymptotically negligible. The analysis of
Koenker (2004) shows that, under the condition that T grows faster than N, the contribution of Rp;
is asymptotically negligible. We will evaluate the contribution of the remainder term to the limiting
form of the stochastic objective function.
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Consider the objective function that concentrates out the Bahadur representation of the individual
specific effects,

N

= pr(yie — &it(7))} + A7 {Z

=1

~/51( ) i AT @i

Vi (81 303 p_anO(D) e A e
TN 1 ZZ{ Yit — glt ) ( Ly wz)m \/T+\/T\/T
YUTN VT VTNT

t=1 =1
- |Ofi|}
where p;; = (VT fi)™? Zthl Ur(yie — &it(7)), and ; = (2f;) 0.5 ().

Using Knight’s (1998) identity, we decompose the objective function in four terms.

Vi (81(7)) = ViR (01(7)) + VAN (81(7)) + VAR (81(7)) + ViR (81(7))

O —

where

(1) __TN s /_~/61(7-)_90it )\_TSDz
VTN(él(T)) = Zzw'r(yzt &t(T)) (iﬂit wZ)\/ﬁ \/T+\/T\/T

T N Vit, TN
VRO = XX [ (s ur) < 9) = I — €alr) < 0))ds

VT(’:]),\)I(él(T)) = —)\Tzsgn(ai) (_wi\/ﬁ—i_ﬁ_ﬁﬁ
V@) = 2ir / (Lo < ) — I(

where v 7§ = (2}, —%)61(7)/VTN + it /T = Ari /T, and ryp rn = — %581 (7) VTN + it /T —
A1 [T

The first term is asymptotically Gaussian. Using the Lindeberg-Feller Central Limit Theorem
and conditions A3-6, we obtain that

VR = ~XS - et ) (@~ )8 (/NN + 0u/NT = Mg/ T)
t=1 i=1
> —61(7’)/_3

Under condition A5, by the continuous mapping theorem, the second term is

VG = AV [ (R (6alr) £ V) - Ruleutn)

t=1 i=1
1 ’ ~/ 2
- = Z Z fil&a (7)) (@l = #)81(D)/VN + 9u = (Ar/VT ) 1) +o0(1)
t=1 i=1
1
— 551(T)/D161(T)
The third term, by the Lindeberg Central Limit Theorem, Slutsky Theorem and conditions A3-6,

is asymptotically equal to,
N

VIR@1(7) = =Y sen(e) (#(81()/VNT + i/ VT = Mrgi/T) ~> =A81(7)' C

i=1
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The last term is asymptotically quadratic in 81 (7).

EViR(G:(7) = Z |V (6 (svT) ~ Go) as

_ %T_g()(wal( DIV + o~ (M /VT) o ) o(1)

—  Ad1(7)' D3d(7)

Proof of Corollary 1: From Theorem 1, the limiting form of the objective function is
1
Vo(81(7)) = =81(7) (B + \C) + 551 (7) (D + 2AD3)81(7)

thus its minimizer is,
8,(1) = (D1 +2)D3) (B + \C)
which implies that Ed;(7) = 0, and
Var(61 (T)) = (Dl + 2AD3)71(D0 + )\2D2)(D1 + 2)\D3)71) = 21()\)7120()\)21()\)71
The result follows since 3 ()) is positive definite for all A € R, which is sufficient condition for a

minimum. ]
Proof of Corollary 3: From Theorem 2, the limiting form of the objective function is

1
Vo(81) = =81 (B + \C) + 5<S;(H1 + 2)\H3)d,
thus its minimizer is &; = (H; + 2AH3) (B + AC), which implies that Ed; = 0, and

Var(d1) = (Hy+2\Hs) '(Ho+ A’ Hy)(Hy +2AH3) ™' =T () 'To(MT1(A) !
The result follows since I'1 (A) is positive definite for all A € R, which is sufficient condition for a
minimum. ]

Lemma 3. Let A= [0,\] C Ry where A = 12(q/Ca + 0.25¢, — € > 0 for positive constants Cq, Cq,
and €. Then, the set A is non-empty, closed and bounded.

Lemma 4. Let A,y be a decreasing sequence of sets (e.g., Aqy 2 Ay 2 ... 2 Awy). Then, the
set D = ﬂij\ilA(n) is non-empty, closed and bounded.

Proof: Note that D = ﬂfilA(n) = Av). By Lemma 3, the set D is non-empty, closed and
bounded. ]

Lemma 5. Let (a) Ca,Cy, e, Ca be positive constants, and (b) the parameter X € A. Then, the
rational function T(A\) : A — Ry,

Co(Cq +0.250%)

(Cb (Ca + 2/\))2

is a C* differentiable function, strictly convex in A.

m(A)

Proof: The discontinuities are ruled out since {, > 0. The function 7 is a rational function, and
every rational function is continuous. The function is convex if 9?w(\)/9N? is strictly positive. The
first derivative of the function 7(\) with respect to A is

ar(\) 0.5CA 4Go(Ca+0.250%) _ Co(0.5¢uA — 4Ca)

N G t20? G+ 203 2(Ca + 20)7
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The second derivative is equal to,

O*m(N) 0.5¢, B 4\ 24Cc(Ca 4+ 0.250%)  (e(0.5¢2 + 24Cq — 2¢aN) 50
N GG+ G +20)P T G2t GG +2))!
Since 0 < A < 12(4/(s + 0.25(,, the function is strictly convex over the domain of 7. [ ]

Lemma 6. If n()\) is a strictly convex function over A C Ry, the function w(\) is also strictly
convex over D C A.

Proof: Suppose not; then m(ad; + (1 — a)A2) > am(A1) + (1 — a)mw(A2) for all A\, A2 € D, and
0 < a < 1. The points A1, Ay are also in A, but this is a contradiction since () is strictly convex
over A. [ |
Proof of Theorem 3: The asymptotic covariance matrix is equal to

T\ ' Do (N7 = (Hy + 20H3) " (Hy + N> Hy) (Hy 4 2)\H3) ™!

Using simple matrix algebra, the matrix can be written as

i) T e, )B i m) T s B ) TS\ T, ) B (A Ty)
21()\;TJ)_lzo()\;TJ,Tl)El(/\;Tl)_l .. 21(/\;TJ)_120(/\;TJ,TJ)El(/\;TJ)_l
The trace of the matrix is,
J
T (A DoA™ = Y o {1 m) oA, ) B (A )
j=1
J ~ ~
= ) tr{(w; X' M®;M; X + 20X, ¥ X;) " (Q; X' M]M,; X
j=1

+0.250X) X)) (w; X' Mi®, M; X + 20X, ¥ X)) =

Define the following matrices A7 = wj(X]’-\IlXj)_l(X’M]'-@ijX), B = X}‘IIXJ», Ci = X]’-Xj,
and D’ = ij(X]’-Xj)_l(X'M]'-MjX). Using Theorem 12.2.1, Graybill (1969) we have that since
the matrix C is positive definite, then C~! is positive definite. Using Theorem 12.2.8, Graybill
(1969) we conclude that, since C~* and X'M’M X are positive definite matrices, D is also positive
definite.

Replacing the matrices in the last equation gives,

J
= tr{(A7 +2)1)"1(B?) "' CY(D7 + 0.25X°T) (A7 + 2\I) 1 (B7) '}
j=1
Consider the following decomposition (Rao 1968, p. 36) for the matrices A7 = U,AJU!, where U is
an orthogonal matrix, and A is a diagonal matrix that contains the characteristic roots of matrix A,

with a typical element Céj for e =1,...,p. Replacing the matrices by their spectral decomposition,
J
T (N) TN (N = > wr{(U.ALU; + 20 (U, AJUy) ' UALU,
j=1

(UaALU, 4 0.2500) (U, ALU, + 20I) " (U, AJU) 7'}
Note that since U is an orthogonal matrix U’ = U ™!, and

(UNU' +2\I)7 = (UNU' +20U0U') " = (UA + 220U P =U' (A7 +20I)7'U,
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the last equation can be written as
J
trTy (\) Do M)T (V) ! Z tr{U/(AJ +2)\I)"'U, Ub(AJ) 'UU AN UU,
j=
(Ag

L+ 0.250 2 ULUL (A + 201) " U, UL(A)) 71U}
Since the trace of ABA is equal to the trace of AAB,

trT; (\) " T (AT Ztr{U’ (AJ + 2XI) " ULUL(AD) " UL UAULU,

(A; +0.25 2 DU U, (AS + 20I) " ULU,(A)) 71} =
Consequently, since U'U = I, the equation is now

J
= Y {(Ag; + 201 L (A)TAI (AT + 0.2502) (AT + 2AI)*1(Ag)*1}
j=

J p 1] J p
S <” +O25)\) ZZ”(A)U:H(’\)

1
J=1i=1 d +2X))?

We now have a simple optimization problem as a function of A. The discontinuities of the objective
function are ruled out since the matrix BJ is positive definite, which implies that the eigenvalues
. >0 for all 4, j.

Since A7, C’ and D’ are positive definite, their eigenvalues ¢/, (¥ and Cflj are positive for all
i,j. Using Lemma 5, 7(\)¥ is convex in A in A% for all 4,5. Since the sets AY are a decreasing
sequence of sets, the functions 7(A\)* are also convex, using Lemma 6, in A € D = N;;.A%. Since the
sum of convex functions is also convex, II(A) is also convex in A € D.

Therefore, the function II(A\) : D — R, is a continuous strictly convex function defined on a
non-empty, compact set (Lemma 4). These sufficient conditions implies that II(A) has a unique
minimizer, 3A* € D such that II(A*) < II(\) for all A € D. [ |
Proof of Corollary 5: The jkth diagonal element of the asymptotic covariance matrix is

(T TN ) e = (B 1) T BN 7, 7) BN )7
= (wjz, M[®; Mjx), + 20&);, W& 1)~ (Qj;2, M) M;x),
+ 025N, @) () M@ Mxy, + 2X\&5, Wi j;) "
(), M Mjxy 4 0.25\°%), 21,
(ijkMJ’iI)ijwk + 2)\:f33.k\11:f3jk)2

Let Aj, = ijwﬁcM;—Mjwk, By, = i:;—kiitjk, Cii = wj:B?cMJI-(I)ijiltk, and Djj, = i:;—k‘:[’i:jk. We write
the variance of ((1;) as
Aji + 0.25\2Bjy,
(Cik + 2ADji)?
Note that the discontinuities are ruled out since Cj; > 0, and Dj, > 0. The first derivative of
the function II(A) with respect to A is
8H()\) . O5)\Bjk B 4Djk(Ajk + 025)\2Bjk) . O-5OjkBjk)\ — 4Ajijk
X (Cjr+2ADjp)? (Cik +2XDj)*  (Cjr +2ADjp)?

(O TN, = —T1())

=0
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Therefore, the minimum variance quantile quantile regression estimator for the unobserved effects
model is defined for
_ SAjijk: _ SQJJ:B;CM;MJCEk:i;k‘I’iJk

A3 A T
( ) CjkBjk wjm%M;@ijmkm;kwjk

We need to show that the second order condition evaluated at A* is positive.

(921_[(/\) _ 24Ajk(Djk)2 + Bjijk(0.5Cjk — 2)\Djk) _
ON2 (Cjk + 2)\Djk)4
(Bjr)*(Cji)* (058, (Cjr)* + 8A;x(Djr)?)
(Bjk (Cjr)? + 164, (Dji)?)*
The objective function is strictly convex in A since Aj, > 0 and Bj; > 0, which is a sufficient
condition for the uniqueness of \*. ]

>0
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