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Abstract

This paper introduces a non-iterative algorithmic procedure to design water utilization networks in refineries and process plants.
The procedure is based on necessary and sufficient conditions of optimality that allow the construction of a global optimal solution
without the need or a targeting procedure. In addition, the steps of this procedure are such that it can be implemented by hand and
have no limitations on the problem size. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Several industrial processes require water for their
daily operation. Stripping, liquid-liquid extraction and
washing operations are among the many processes pres-
ent in refineries and chemical plants where water is inten-
sively utilized. After utilizing the water, these processes
deliver wastewater, which may contain several con-
taminants. Therefore, wastewater treatment constitutes
a primary concern in most industrial sites. In turn, waste-
water treatment has always focused on end-of-pipe solu-
tions, which has been seen as the sole remedy to meet
imposed discharge limits. Scarcity of water and stricter
regulations on industrial effluents has created a different
view on water usage. The possibility of selectively reuse
wastewater within battery limits has become an option
worth exploring. Wastewater reuse and/or recycle can be
performed with or without intermediate treatment. This
produces a direct impact in the overall amount of fresh
makeup water usage as well as in the amount of waste-
water that reaches final treatment.

The search for optimal wastewater reuse solutions was
addressed by industry itself more than 20 years ago
(Carnes, Ford, & Brady, 1973; Skylov, & Stenzel, 1974;
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Hospondarec & Thompson, 1974; Mishra, Fan, & Erick-
son, 1975). The concept of reusingwater started to be
investigated systematically in the 1980s.

Takama, Kuriyama, Shiroko, and Umeda (1980) used
mathematical programming to solve a refinery example
problem. A superstructure of all water using operations
and cleanup processes was set up and an optimization
was then carried out to simplify the structure of the
system by removing irrelevant and uneconomical con-
nections. The authors transformed the model into a series
of problems without inequality constraints by using
a penalty function and finally solving it using the com-
plex method.

Wang and Smith (1994) presented a graphical method
based on targeting. The basic concept underlying the
methodology is mass exchanger network (MEN) techno-
logy, which was in turn first proposed by El-Halwagi and
Manousiouthakis (1989) and was later applied to the
removal of phenol from refinery wastewater (El-Halwagi
& Manousiouthakis, 1990). Departing from the classical
representation and solution procedures of mass ex-
changer network technology, Wang and Smith (1994)
proposed a methodology to determine optimal reuse
solutions. They also explored options of regenerating
wastewater even when the pollutant level has not reached
end-of-pipe conditions, or has not been reused through-
out the entire process. The authors approached the water
allocation problem using targeting graphical representa-
tions and heuristic techniques for the design of the realiz-
ing network.
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Kuo and Smith (1995) approached the problem in
combination with the distribution of wastewater to
clean-up operations and used graphical representations
and superstructures of alternative designs. Alva-Argaez,
Kokossis, and Smith (1998a,b) as well as Huang et al.
(1999) presented a solution approach for multicompo-
nent systems based on mathematical programming. They
modeled the problem as a nonconvex MINLP and then
solved it using a two-phase strategy. As stated by the
authors, this approach does not guarantee global opti-
mality. In addition, Alva-Argaez, Vallianatos, and
Kokossis (1999) used certain simplifying assumptions to
propose a transshipment model. Finally, Savelski, Rivas,
and Bagajewicz (1999) presented a method that guaran-
tees global optimality for the solution of the multicompo-
nent problem.

All the above work constitutes important attempts to
solve the single and multiple contaminant water/waste-
water distribution problems. However, with the excep-
tion of the method of Savelski et al. (1999), these methods
have either numerical or implementation problems that
prevent them from being robust. In this work, we pro-
pose an algorithmic design procedure that targets the
single-contaminant water allocation problem while pro-
viding at the same time a realizing network. The new
approach is based on previously developed necessary
conditions of optimality (Savelski & Bagajewicz,
1999a, 2000). The paper is restricted to problems with
single contaminants. Despite this limitation, there are
industrial cases where the method is applicable. The pulp
and paper industry uses massive amounts of water and
there the concern is on suspended solids only. The paint-
ing industry as well as the steel and semiconductor indus-
tries also care about total levels of a single contaminant.

The paper is organized as follows: A few definitions
and necessary conditions of optimality are reviewed first.
Next, certain conditions of maximum reuse of waste-
water will be presented. These conditions are later used
as a basis of the design procedure. Once this design
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procedure is presented, a proof of optimality is given.
Finally, examples are worked out.

2. Problem statement

Given a set of water-using/water-disposing processes,
it is desired to determine a network of interconnections of
water streams among the processes so that the overall
fresh water consumption is minimized while the pro-
cesses receive water of adequate quality. This is what is
referred to as the water/wastewater allocation planning
(WAP) problem. A more stringent version of this prob-
lem was presented by Takama et al. (1980) and later used
by Wang and Smith (1994). In this version, limits on inlet
and outlet concentration of pollutant are imposed
a priori on each process and a fixed load of contaminants
is used. These inlet and outlet concentrations limits
account for corrosion, fouling, maximum solubility, etc.

3. Necessary conditions of optimality

The necessary conditions of optimality are presented
in a sequence of theorems. The proofs can be found in
Savelski and Bagajewicz (2000). The terminology used
was also introduced in the aforementioned paper. We
briefly restate the theorems.

Theorem 1. Necessary condition of concentration mono-
tonicity.

If a solution to the WAP is optimal, then at every partial
wastewater provider (PWP), the outlet concentrations are
not lower than the concentration of the combined waste-
water stream coming from all the precursors. In other
words, given a process j that satisfies the definition of PWP,
that is F;o, > 0, then C;o, = Cp, j, where Cp, ; is the con-
centration of the combined wastewater of all the precursors.

Fig. 1 presents the set of interconnections of interest,

omitting others that are not relevant to this case.

—> Wastewater to other processes or treatment
3 P, PJ C. Fl’,R,
— > Py > F
7 P; out C
P/ R/
FP/ y
F” ; >
J > ] Fj,oul
C/'.in C/’.(ml
Fj.k,
w
F R, >Y \ J >» R j —>
C* C'R Jin CR/ Jout
Wastewater from other precursors of R; > /

Fig. 1. Typical water interconnections.
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Theorem 2. Necessary condition of maximum outlet con-
centration.

If a solution of the WAP problem is optimal then all
FWU processes have reached their maximum possible
outlet concentration. Degenerate solutions with lower
outlet concentrations but the same overall freshwater
consumption may exist. However, these degenerate solu-
tions are such that the flowrate through the process is
larger. Thus, they are not preferred. Nevertheless, after
the design is obtained, these degenerate solutions can be
explored with ease, as they do not alter the connection
pattern.

These theorems are accompanied by a set of corollaries
(Savelski & Bagajewicz, 2000), which are not essential for
this paper.

4. Conditions of maximum reuse

We now derive a series of rules to calculate the amount
of wastewater that a process can receive from its precur-
sors in such a way that the amount of fresh water is
minimized.

Consider a set of (n — 1) precursors of process n
(Fig. 2). We assume that process n has a maximum
outlet concentration that is larger than that of all its
precursors (monotonicity). In Fig. 2, all possible connec-
tions from the precursors of process n are indicated. We
now proceed to determine the optimal policy of water
allocation, such that the fresh water usage of process n is
minimum. Next, for the case when the fresh water usage
is zero, we develop an allocation policy for wastewater
users. Later, we will prove that the use of these policies
guarantees optimality.

FI,UM/
! >
F[,n
2 > FZ,oul
FZ,n
. > F,
. —>p —>
Fn-Z.n _>
n_2 Fn»Z,(ml
Fn-l,n >
Fn— ou
n-1 rout
|

Fig. 2. Precursors of process n.

4.1. Maximum reuse for fresh water users

Without loss of generality, assume that the outlet
concentrations of all these processes are ordered mono-
tonically.

max < max < e < max < C"m,g:(’" . (1)

1,out X 20ut X n—1,out X

The last inequality is a reflection of the necessary condi-
tion of monotonicity. Consider now the following optim-
ization problem:

Min F)/

S.t. Fi, <F
Crin < Gl )
Chon < Cloues
Fin 20,

which aims at the best reuse policy, the one that minim-
izes fresh water usage. We now convert this problem into
a linear problem.

Note first that by Theorem 2 of the necessary condi-
tions the outlet concentration is at its maximum value
(Crowt = Chioty)- Thus, in an optimal structure a compon-
ent mass balance over process n is
n—1 n—1
Y. FinCia + L, = (Fif + 2 Fi,n>C§.“,§ﬁn ©)
i=1 i=1
where L, is the load of process n. This is a linear relation
that can be rewritten as follows:

n—1
F;v = Kn - Z Fi,nO{i,n, (4)
i=1
where
max L
in = 1 — Lout and Kn = . .
°" ( cm> Cru

Consider now the component mass balance at the inlet of
process n.

n—1 n—1
(Z Fi,n + FrY)Cn,in = Z Fi,ncglt?l);t' (5)
i=1 i=1
Replacing Eqgs. (4) into (5) and rearranging, one obtains
_ D1 FinCliom

Kn + Z;’:_IFi,n(l - O(i,n)'

Therefore, replacing Eq. (6) in C, ;, < C;ia one obtains

Chin (6)

n—1

Z Fi.nri,n < Tn, (7)
i=1

where

ri,n = C??::l‘t - Cnm,?r)l{(l - oCi,n)n (8)

T, = K,Cp. )
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We now replace Eqgs. (7) and (4) into Eq. (2) to obtain
MaX Z?;llFi,nai,n

s.t. F,, <F;,

Finrin < T, (10)

which is a linear program. The last constraint ensures
that F)) > 0. We will now show that the solution of
Eq. (10) can be obtained analytically.

First note that Eq. (8) can be rewritten as follows:

(Cmax
__ ,max max __ max max i,out
ri,n - Ci,out - Cn,in(1 - O(i,n) - Ci,out - Cn,in< >

Chout
Cm?x
= (Cmax (] — 20 11
1,0ut< Cnm’sﬁ[ > ( )
from which we can conclude that,
ria=0, Vi=1,...(n—1). (12)

In addition, because of Eq. (1), we have

I'in < T2 < - < Fin—1> (13)

OCl,n 20{2,n 2 20(1',”,1. (14)
We now analyze the possible solutions of this optimiza-
tion problem. Consider the following two cases: (a) The
inlet concentration of process n does not reach its max-
imum, and (b) otherwise. Since this analysis is for fresh
water users, in both cases, the fresh water usage is posit-
ive, that is, Eq. (2) has a strictly positive solution.

(@) C,in < Cyix. This is equivalent to Y /Z{F;,r;,
< T,. In this case, it is easy to prove that the solution of
Eq. (10) must be F; , = F;, Vi.Indeed, if F;,, < F; for any
i, then F;, can be increased without violating the con-
straints of Eq. (10), thus increasing the objective function.

(b) C,in = Cyéx. This is equivalent to Y 1=/ F; .1y, =
T,. In this case, the solution has the following form:

F1,n=F1,
F2,n:F23

Fs,n <Fsa (15)

with
K,Cyn
F,, = pmin if s =1,
e R Yo
b KaCom = YIS IRLCEN — (1 — m,)Ci

Colou — (1 — o5, ) GRS
for s > 1, (16)

which is obtained from Eq. (6) assuming that
Coin = Cix. Processes 1 through s — 1 are total waste-
water providers of process n, whereas process s is a par-
tial wastewater provider of process n. A formal procedure
to determine s will be presented later.

Proof. Consider a feasible perturbation of Eq. (15). We
will show that such perturbation leads to an increase in
fresh water intake. Assume F,, = F, —J, for some
k <s. Rewrite the second constraint of Eq. (10) as
follows:
s—1
(Fk - 5k)rk,n + Z Firi,n + Fs,nrs,n + Ft,nrt,n = Tn:
i=1,i#k

(17)

where we have assumed that some flowrate F, ,(t > s) is
not zero. From Eq. (17), we obtain the following relation-
ship between F,, and J;:

T, — (Fr — 0k)rin — Zf;ll,irﬁkFiri,n

Ftn

F _ - Fs,nrs,n
t,hn T .

(18)
In turn, the change in objective function is
Aof = — Oxttn + Fr . (19)

Thus, substituting Eq. (18) into Eq. (19) and re-
arranging

t,n

Aof = 6, <r"*" Yy — ak,n>. (20)
r

Using Egs. (12)-(14) one can find that Eq. (20) is
negative except when all outlet concentrations in Eq. (1)
are equal. In such case, Eq. (20) is zero. In such case, it
does not make a difference what wastewater is used. This
concludes the proof. [

4.2. Maximum reuse for wastewater users

Without loss of generality, we assume the monotonic-
ity given by Eq. (1). If a WWU has more than one
candidate precursor then there may exist infinitely many
feasible solutions to the water assignment problem of
such a process. When all precursors have concentrations
lower than the maximum inlet concentration of process
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max < max

n (cjon < cnin Vj), all linear combinations of wastewater
flowrates from the precursors of n can be formed. These
linear combinations are only constrained by a compon-
ent mass balance and the maximum outlet concentration
necessary condition. When some precursors have outlet
concentrations higher than the maximum inlet concen-
tration of process n (Cion <Chpimj=1,....,k and
Ciowe > Clinj=k+1,...,n— 1), then, linear combina-
tions of available wastewaters of concentration higher
and lower than C;i;y can be formed. The precursors with
Ciou < Gy can be seen as pseudo-fresh water sources
each one with a certain cost associated, the better the
quality the higher the cost. The precursors with
Ciou > Cin can then be considered as the actual reus-
able wastewater sources. Thus, the first k wastewaters
can be considered as “good-quality” precursors because
they can be used to dilute the rest, which could not
otherwise be used. If the WWU under consideration were
the last process to be analyzed, then the assignment
of water would not really affect the total water intake.
However, when some receivers downstream of process
n are FWUs, the quality of the wastewater available
needs to be preserved so that these other fresh
water receivers downstream receive the cleanest waste-
water possible. As we shall see later, this heuristic
can be proven to be always true. Thus, the problem
of assigning water to a WWU is analogous to that of
the FWU.

To preserve the cleanest pseudo-fresh waters, we set up
the following optimization problem:

Min Zf= tHinFin

st. Cuin < Gilins

max (21)
Cn,out < n,out»
0<F;, <F, VicP,
where  w;, = (CP3X — CP2%), a positive number

except when (Crsx = C3Y). This objective function aims
at minimizing the consumption of water of the lowest
concentration that is preserving the best-quality waste-
water for possible downstream FWUs. We will now
convert problem (21) into a linear problem as it was done
with Eq. (2).

By Theorem 2 of the necessary conditions of optimal-
ity, the outlet concentration is at its maximum value
(Chowt = Cilaxy). Thus, using a component mass balance
over process n, and since F), = 0, we have that Eq. (4)
becomes

n—1
Z Fi,nai,n = Kn~ (22)

i=1

Now, the component mass at the inlet of process n is
given by Eq. (7).

We now replace Egs. (7) and (22) into Eq. (21) to obtain

k
Min Z Hin Fi,n

i=1

n—1
s.t. Y Fiatin <T,,
= (23)
n—1
Z Fi,nai,n = Kn»
i=1

0<F;,<F, VieP,

which is a linear problem.
We now analyze the two aforementioned cases.
Case I. All precursors are pseudo-fresh water sources.
;ln;axl,oul < C:lr:?x)l‘

In this case, we use the dirtiest water first and, if it is
not enough, we continue using water of the next highest
concentration until all requirements are fulfilled. The
following set of formulas corresponds to the maximum
reuse allocation:

Fj,n=0 Vj<p,

Fijn=F; Vj>p, (24)
L
F n = max : max lfp = 1’
P n,out — Cp,out

n—1 max max
F _ Ln - Zi:p+1Fi(Cn,oul - Ci,out)
p.n max max
n,out p.out

ifp>1. (25

An algorithm procedure will be presented later to
establish the partial wastewater provider p. The proof to
show that this policy preserves the cleanest wastewater
possible is straightforward.

Case II: Only some precursors are pseudo-fresh water
sources; 1.e.

rout < Cilin Vi <k,
Cla > Gl Vi>k (26)

We now prove that the optimal solution of Eq. (23) is
given a combination of the dirtiest set of pseudo-fresh
water precursors possible and the cleanest set of waste-
water available. The former policy is driven directly by
the objective function of Eq. (23). The latter is indirectly
driven by the same objective function. Indeed, as less
polluted water is used, the usage of pseudo-fresh water is
smaller. Fig. 3 illustrate one such generic combination.

Consider the following two cases: (a) The inlet concen-
tration of process n does not reach its maximum, and
(b) otherwise.

(@) Cpin < C2x. This is equivalent to Y 7={F;,ri,

< T,. In this case, the solution of Eq. (23) is given by
a complete use of wastewater and a partial
use of pseudo-fresh waters, that is: F;,=F;
Vielk+1,n—1], F;, =F; Vje[s+ LLk] and F;; < F;
for some s. The identification of the partial wastewater
provider s will be presented later. The proof is simple: If
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s+1

. 50—
n >
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Fig. 3. Wastewater user.

the allocation of a wastewater is not total, that
is, F,, <F, (t > k), then F,, can be increased because
the inlet concentration of process n has not reached its
maximum. As a result, one or more of the pseudo-fresh
waters F;, (j < k) has to be decreased to maintain the
component balance (ZiFi,ncxi,,, = K,). It is easy to see
that these two changes lead to a decrease of the objective
function.

(b) Coin = Cyix. This is equivalent to Y 1= { F;,r;p = T,

In this scheme, pseudo-fresh waters from process
s (s < k) to process k are used to dilute wastewaters from
process (k + 1) to process t (t > k). Once the partial
wastewater providers s and t are identified, the following
flowrates are obtained.

Fi,=F;, Vi=(@6+1),..,0t-1),
Fs,n < Fss
Ft,n<Ft9 (27)

where F;, and F,, can be obtained from the following
set of equations:

t—1
Fs,nrs,n + Ft,nrt,n = Tn - Z FPrPJ"

p=s+1

t—1
Fs,nas,n + Ft,n(xt,n = Kn - Z Fpocp,n: (28)

p=s+1

We now prove that Egs. (27) and (28) give the optimal
solutions of Eq. (26).

Consider a feasible perturbation of Eq. (27). We will
show that such perturbation leads to an increase in the
value of the objective function. Assume we increase the
flowrate of a process j (j < k), thus decreasing the flow-
rate of a process p (p > k). Therefore, we can write the

perturbation of Eq. (27) as follows:

F_j,n:Fj,nJ’_éja ng,

Foon=F,,—06, s<p<k

Fi,=Fi, Yi#p,Vi#],

0,0, > 0. (29)
The change in the objective function is given by

Aof = 130 — 1,0, (30)

Replacing Eq. (29) in the second equation of Eq. (28)
and rearranging, we obtain

0

oL ;

L= 31
5 o (31)
Replacing Eq. (31) into Eq. (30), one obtains
Ojn
Aof = 5j<,uj,,, — ”,u,,,n>. (32)
Olpon

Using the definitions of o, u and doing some algebraic
manipulations, we obtain
(Criouw — Ciou)(Clon — CZ‘T?S))

max max
(Cn,oul - Cp,out

Aof =0 j< (33)

One can easily verify that Eq. (33) is strictly positive
unless C, oy = Cj o in which case it is zero. [

We now present the maximum reuse algorithm, which
systematically implements of the above presented waste-
water allocation process. Consider the following defini-
tion first:

Definition. A maximum reuse structure is a flowsheet that
satisfies the property that all inlet wastewater flows to any
unit are obtained using the maximum reuse algorithm.

5. Maximum reuse algorithm

Given wastewater available from n — 1 processes the
maximum reuse allocation of wastewater to process n is
given by the application of the algorithm below. The
algorithm is based on the assumption that process n is
a WWU. If no precursor has a concentration lower than
the maximum inlet concentration of process n or a con-
tradiction is found, then it is solved as a FWU.

Algorithm

1. Assume process n is a WWU. Then, there are two
alternatives. Either all the pseudo-fresh water precur-
sors have concentrations lower than the maximum
inlet concentration of process n (Case I) or only some
of its precursors satisfy this inequality (Case II).

2. Case I: Assume p = n — 1. Calculate F,, using Eqs.
(24) and (25). If the value of F,, calculated is larger
than F,, then make F,, =F, update p(p =p—1)
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and repeat the procedure. If the water from all precur-
sors is exhausted and the water requirements are still
unfulfilled, then process n is not a WWU but a FWU.
In such case, go to 6. Otherwise, stop.

3. Case II: Assume the partial wastewater providers to be
s=kandt=k+ 1. Apply Egs. (27) and (28).

4. If, F,, < F, and F;, < F, 4, then stop. Otherwise,
go to 5.

5. If either flowrate results larger than its corresponding
available flowrate, then this implies that all the avail-
able wastewater from the precursor must be used and
that another set of precursors is needed. Therefore, if
F,, > F,,make F,, = F,update s (s = s — 1), and/or
if F,, > F, make F,, =F, update t (t =t + 1) and
return to 3. If all pseudo-fresh water precursors are
exhausted and the water requirements are still unfulfil-
led, then process n is nota WWU but a FWU. In such
case, go to 6.

6. The process has been determined to be a FWU. As-
sume the partial wastewater provider to be s = 1.
Calculate Fy ,, ..., Fy, and F) using Egs. (15), (16) and
4). If F,,>F,, then make F,,=F, update
s(s=s+ 1) and repeat the process. Otherwise, if
F, < F; stop.

6. Design procedure

The following design procedure is proposed:

1. Feed fresh water to all the processes that have zero
inlet maximum concentration (head processes). To
calculate the required flowrate use the following:

L,
Fy = 34
P >y

If no process has zero inlet maximum concentration
take the process with the lowest maximum outlet
concentration.

2. Order the rest of processes in increasing order of
maximum outlet concentration.

3. Take the first process of the list and apply the max-
imum reuse algorithm. Exclude from the list of sources
those that violate monotonicity.

4. Keep applying the maximum reuse rule in this fashion
for all the rest of the processes.

The above procedure satisfies all necessary conditions
of optimum (monotonicity in the outlet concentrations
and outlet concentrations at their maximum values). We
now prove that the maximum reuse algorithm leads to an
optimal structure.

6.1. Proof of optimality

Theorem. The maximum reuse structure is optimal.

Proof. The proof is by mathematical induction. By con-
struction, it is true for two processes. Now we assume it is
true for n — 1 processes and we will prove it is true for
n processes. Consider first a structure with n — 1 pro-
cesses. By the optimality condition of monotonicity we
know that process n is not a precursor of any of the n — 1
first processes. Consider first an overall balance on
a structure that contains all n processes.
n—1 n—1
W=)> F'+F/=) Fiou+Fn (35)
i=1 i=1

n n—1
L= Z Li = Z Fi,gmc?,fﬁt + F,,C,,m;ﬁl. (36)
i=1 i=1
Eliminating F,, one obtains
n—1
W = Zn + Z Fi,outai,na (37)
i=1
where Z, = L,/Cyay.. The optimal water allocation pol-
icy for the system with n units is either

(a) a system where the water allocation for the first
n — 1 units is a maximum reuse structure, or

(b) the water allocation in the first n — 1 processes is
such that the fresh water consumption of these first n — 1
processes is larger than the optimum assumed for these
n — 1 processes, but leads to an overall smaller fresh
water consumption.

We now explore the two options.

(a) In this case, the theorem is readily proved, as the
only water allocation policy that will minimize F) is the
one obtained applying the maximum reuse algorithm to
process n.

(b) Assume that the fresh water consumption of pro-
cess s 1s increased,

FY=FY+ 6y (38)
However, if the overall structure is to be optimal, the
concentration at the outlet of process s should be main-
tained at its maximum. To achieve this, a smaller amount
of wastewater from its precursors has to be used. Thus,
the only effect of the perturbation is to lower the inlet
concentration Cy;, and to decrease the flowrate through
process s (F,). However, in a maximum reuse structure
there is at the most only one precursor (k) that has
wastewater sending to process s for which F, ; < F;. The
rest are either F;; = F; or zero.

Therefore, to achieve the maximum concentration
in process s the following feasible perturbation must
accompany Eq. (38).

Fk,s = Fk,s - 5k' (39)
Accordingly,
F_k,oul = Fk,out + (sk (40)

for some precursor k of process s. Fig. 4 illustrates the
section of the flowsheet under study.
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%
v

Wastewater to the
receivers of s

Wastewater from other
precursors of s >

Fig. 4. Maximum reuse structure.

We notice again that the perturbation of these two
processes (s and k) is feasible only if the precursor has
wastewater that has not been reused (Fy ., > 0). The
other possibility is to reduce the total water flowrate of
process k. If process k is a head process, the fresh water
intake is already at it minimum, so the perturbation is
also infeasible. Otherwise, to reduce the total flowrate
through process k, the fresh water intake of some precur-
sor of this process has to be also reduced. This stems from
the fact that a reduction of F} (if there is any) would
violate the maximum concentration at its outlet. As
shown above, this needs to be accompanied by an in-
crease in fresh water intake which leads to the same
situation over and over, until one finds a head process or
a precursor for which some of its wastewater is not
reused. We call this, a chain of precursors. Therefore, the
perturbation of fresh water intake is infeasible if no
process in the chain of precursors has wastewater that is
not being reused.

Notice that
o =, @)

OCk,s

which can be obtained using a component balance over
process s. Thus,

F,=F, — 0, +0'=F, — 5W<ﬂ> (42)
Ok,s

which confirms that F, also decreases. It also shows

that the perturbation is feasible if and only if

Fs,out = 5.‘:((1 - o[k,s)/ock,s)'

Because of this perturbation, F,, decreases, and the
rest of the structure downstream remains unaltered. This
statement stems from the fact that a perturbation of F,,
process r being a receiver of process s, leads to an increase
in F)', perturbation we do not want to make because it
leads to the same analysis for process r, is the one we are
making for process s.

Thus, the change in fresh water intake is given by

n—1
AW = W —W = Z OCi,n(F_i,out - Fi,out)

i=1

= o(k,nék + as,n(éy - 5k) (43)

Replacing Eq. (41) into Eq. (43) and applying the defini-
tion of a, one obtains

AW =4, (44)

which is positive by definition. This concludes the proof
that a perturbation in one FWU leads to an overall
increase in water consumption.

Consider now that Fy ., =0, and therefore there is
a chain of precursors D = {ky,k,,...,k;} such that the
wastewater of some process k; is not completely reused
that is Fy, o, > 0 (Fig. 5).

For this chain, we have

FY =F. 4068, ki=kyks,..., k. (45)
In addition, since Fy, ., = 0, then

For. =Fi, ki=ky, ...,k (46)
and

F., =F,, — 01, ki=kyks,....k,. 47)
Relation Eq. (41) holds for J,, —, that is

O -1 = ozk,_(s;xl - (48)

Now, similarly to Eq. (42), the process through process
k; is

1 — oy -
m=m—%1+%=m—%G4&ﬂﬂ(m
e, — 1,k
Using Egs. (47)-(49)
O, = Ok —1(1 — o, 1 ,)- (50)

Applying Eq. (50) recursively and using Eq. (41), one
obtains

0 o5
= — = —
I:nZkI; (1 _O(m,erl) ak,,s I:nZkli (1 _O(m,erl)’

(51)

which is positive. Thus, using Eq. (37)
AW == 5)(1 O(kl,n + AFSOCS.,‘. (52)
Then, form Eq. (42)
1 —
AW = 8, o5 o — 5W<°"‘>a (53)
ak,,s
Using Eq. (51) and the fact that oy, , > o, one obtains
k. —1
AW = 5k1 |:Ock1 N/ (1 - OCk,,s)a(s,n l_[ (1 - am,m+1):|

m=k;

ko—1
= 5k| O(s,n|:1 - (1 - akr,s) 1_[ (1 - am,m+1):|- (54)
m=k;
The last term is positive.
Consequently, we have shown that any feasible
perturbation of the proposed fresh water intake of the
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Fig. 5. Processes chain.

optimum given by a maximum reused structure leads to
an increase of overall fresh water intake.

To finalize the proof, we now show that the reuse
structure of WWUs is optimal.

Consider, without loss of generality, that process
(n — 1)isa WWU. Assume also, that process nis a FWU.
Otherwise, if process n is a WWU, then any allocation
policy does not alter the overall water usage.

Consider a perturbation of the wastewater allocation
to process (n — 1). We will show that the perturbation
leads to an increase of the fresh water usage of process n.
Fig. 6 illustrates one generic result of the maximum reuse
rule applied to process n.

According to the maximum reuse rule, F, ,—; < F,,
Fin-y=F Vi [Im+1,..., p—1], F,,-1 <F, and
Fin-1 =0 Vje[p+1,...,n—2]. Consider now that
a feasible perturbation is introduced:

—0

Fp,n = Fp,n p>

Fp+1,n = 5p+19

5> 0. (55)

We will first prove that increasing the flowrate of a waste-
water precursor of higher concentration (d, ) leads to
an increase in the flowrate of a pseudo-fresh water pre-
cursor. That is J,, > 0.

Writing Eq. (28) before and after the perturbation and
subtracting, one obtains

Omlmu—1 — OpFpn—1 + Opr1lprin—1 =0, (56)
5m“m.n*l - 5p0(p.n*1 + 5p+1ocp+1,n71 =0. (57)
Solving for 6,, as a function of §,,,, we get

5m _ 5p+1(ocp+l,nf1rp,nf1 - Ocp,nflerrl,n*l)- (58)

(O(p,nf 1 rm,n* 1 = o(m,nrp,n* 1)

\4

bo't > n-1
k+1
A » >
I > T
E
n-2| 1

Fig. 6. Maximum reuse genetic structure for a wwu.

Using the definition of « and r, one obtains

( glixl,oul - C?,i’\‘n)

(Crow — Coiow)

O =0ps1 (59)

Therefore, by virtue of the monotonicity of the outlet
concentrations of the precursors, d,, > 0. By substituting
in Eq. (56), one can verify that 6, > 0.

By construction, the above perturbations would not
alter the total fresh water intake of the network system
that includes process n — 1. However, if process n is
a FWU and consumes wastewater from process m, then
a reduction of available wastewater of low concentration
will in itself increase F,. This is straightforward from
Egs. (15), (16) and (4). O
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Remark. The above proof only shows that the algorith-
mic procedure provides one optimal solution. There are,
however, many other solutions of the same overall fresh
water consumption that can be constructed (Savelski
& Bagajewicz, 1999b). This result stems from the fact that
the maximum reuse policy is a sufficient condition of
optimum, not a necessary one. For example, in the opti-
mality proof we showed that departing from the max-
imum reuse policy for WWUs does not always lead to an
increase in fresh water usage.

7. Examples

We now show some examples from the literature
where the network obtained using the algorithmic pro-
cedure is compared to the reported one.

Example 1. This example is taken from Wang and Smith
(1994). The system involves four processes and their cor-
responding data is given in Table 1.

We now show how the new design methodology is
applied to this problem.

Step 1: Identify head processes
Process 1 is the only process with maximum inlet
concentration equal to zero. Using Eq. (34), one obtains

L, 2000 g/h
max. 100 ppm

FY} = = 20.0 ton/h.

Step 2: Maximum outlet concentration ordering.
There are three processes left to order. That is

Process Cout'
number

2 100
3 800
4 800

Since processes 3 and 4 has the same outlet maximum
concentration, either one could be listed first.

Table 1
Example from Wang and Smith (1994)

Process Mass load of Chx Coix

number contaminant (ppm) (ppm)
(kg/h)

1 2.0 0 100

2 5.0 50 100

3 30.0 50 800

4 4.0 400 800

Step 3: Apply the maximum reuse rules

3.1. We take the first process of the list (process 2) and
apply the rule. We realize that due to the necessary
condition of monotonicity, there are no possible precur-
sors for this process. Therefore, fresh water is fed to
process 2.

Calculating the necessary fresh water intake, we obtain

¥ = 50.0 ton/h.

3.2. We take process 3 and apply the rules. The max-
imum outlet concentration of this process allows us to
supply it with wastewater from either process 1 or 2.

Using Eq. (16), we can write

K;C55
Tou — (1 — o 3)C55
B 37.5-50
~ 100 — (1 — 0.875)- 50

F1,3 =

= 20.0 ton/h,

Fy3 =20.0=F,. Consequently, we can fulfill process
3 water intake by using process 1 only. We now calculate
the necessary fresh water intake using Eq. (4).

¥ = Ky — Fy 3045 = 37.5 — 20.0-0.875 = 20.0 ton/h.

3.3. Finally, we consider process 4. This process has
only one monotone precursor, which is process 2. Pro-
cess 3 has wastewater of the same concentration as the
maximum outlet process 4. Therefore, it cannot be used
as a wastewater provider. The outlet concentration of
process 2 is lower than the maximum inlet concentration
of process 4, therefore the latter is a WWU candidate
(Case I).

Using Eq. (25), one obtains

Ly

(CEu — C30u)

Fr4=

4,000
— Y 57143 tonh < F,.
(800 — 100) on/h < F

Since F, 4 < F,, process 4 does not require any other
water intake to fulfill its requirements. Consequently, it is
a true WWU and the problem is solved.

Finally, we calculated the total fresh water intake that
the network requires, that is

W = FY + F¥ + F¥ = 20.0 + 50.0 + 20.0 = 90.0 ton/h.

Both, the water consumption and the network design
(Fig. 7) coincide with those reported by Wang and Smith
(1994).

Table 2 summarizes all flowrates and final inlet and
outlet concentrations of each process.

Example 2. This example is taken from Olesen and
Polley (1997). The system involves six processes and their
corresponding data are given in Table 3.
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The minimum flowrate reported is 157.14 ton/h.
Olesen and Polley (1997) obtained a realizing network by
methods of inspection. Fig. 8 shows this network.

Table 4 summarizes the results of this example prob-
lem for the network obtained by Olesen and Polley

1907

(1997). The minimum fresh water consumption is met, so
the solution is optimal but constitutes a degeneracy of
the solution network depicted in Fig. 9. The flowsheet
shown in Fig. 9, obtained using the maximum reuse
algorithm, satisfies all the necessary conditions of opti-
mality and meets the 157.143 ton/h minimum fresh water
consumption.

R = 20.0 N -~ Table 5 shows the results for the network depicted in
1 3 P
7 7 7 . .
Fig. 9. In this flowsheet all processes have reached max-
FY =20.0 imum outlet concentration through maximum reuse. All
3 = 5
F” =40.0
FZWZSO.O F2,4:571 L P 1 » 5 >
A AN A
> 2 > 4 >
\ > Fy =500
- 2 > 6 >
Fig. 7. Solution network for Example 1.
F" =500 o
Table 2 > 4 >
Final solution to Example 1
Y 2
> >
Process Type of  Fresh water Wastewater Cou °
number process intake reuse (ppm) "
(ton/h) (ton/h) F'=17.14
1 H 20.0 0.0 100.0 Fig. 8. Water network proposed by Olesen and Polley (1997).
2 H 50.0 0.0 100.0
3 T 20.0 F,3 =200 800.0
4 WwWu 0.0 F,4 =5714 800.0
—> 3 >
Table 3 Tﬁw =17.14
Example from Olesen and Polley (1997) :
W=9
B =50, > 4 s> 5 >
Process Mass load of Chx o
number contaminant (ppm) (ppm) F{' =45.0 F$¥'=20.0
(kg/h)
1 2.0 25 80 £ =500 —> 6 >
2 5.0 25 100 = 2 —>
3 4.0 25 200 R
4 5.0 50 100 i
5 30.0 50 800
6 4.0 400 800 Fig. 9. Water network obtained using the maximum reuse algorithm in
Example 2.
Table 4
Degenerate solution of Example 2
Process Fresh water Wastewater Total Cin Cout
number intake reuse flowrate (ppm) (ppm)
(ton/h) (F}) (ton/h) (Fj,) (ton/h) (F;)
1 40.0 0.0 40.0 0 50
2 50.0 0.0 50.0 0 100
3 17.143 F,3=15714 22.857 25 200
4 50.0 0.0 50.0 0 100
5 0.0 Fi 5 =400 40.0 50 800
6 0.0 F,6 =500 50.0 100.0 180.0
Total flowrate 157.143 95.714 252.857

(ton/h)
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Table 5
Solution of Example 2

Process Fresh water Wastewater Total Cin Cout
number intake reuse flowrate (ppm) (ppm)
(ton/h) (FY) (ton/h) (Fj,;) (ton/h) (Fy)
1 25.0 0.0 25.0 0 80
2 50.0 0.0 50.0 0 100
3 17.143 F,;=5714 22.857 25 200
4 45.0 Fi4=250 70.0 28.57 100
5 20.0 F,s =200 40.0 50 800
6 0.0 Fi6=5714 5.714 100 800
Total flowrate 157.143 56.428 213.571
(ton/h)
Table 6 the necessary conditions of optimality are satisfied by the
Data for Example 3 solution obtained using the maximum reuse algorithm.
Progess Mass load of €1 s Minimum Itis 1mp0rtant to pomt out that, even though degener-
number contaminant  (ppm)  (ppm) fresh water ate solutl'ons provide the same overall fresh water
(kg/h) flowrate consumption, they feature larger flowrate through some
without reuse processes. Comparing the fourth columns of Tables 4 and
(ton/h) 5, the total flowrate through the degenerate solution is
o
| 20 )5 20 5.0 .18.4 % larger than the totgl ﬂow.ratf: thrpugh the max-
b .88 25 90 320 imum reuse structure solution. This situation may lead to
3 4.0 25 200 20.0 larger equipment.
4 3.0 50 100 30.0
> 300 >0 800 375 Example 3. It comprises a system of 10 processes. This
¢ >0 00w 62 le is not taken from the literature. Table 6 shows th
7 20 200 600 33333 example is not taken from the literature. Table 6 shows the
8 1.0 0 100 10.0 data for this example including all the minimum fresh water
9 20.0 50 300 66.6667 requirements of these processes without wastewater reuse.
10 65 150 300 21.6667 Fig. 10 shows a solution network obtained using the
TOt(i‘l I’f/‘}‘:)l‘m“m flowrate 2524167 algorithmic procedure. Table 7 shows all the resulting
on, .
flowrates and final concentrations of the processes.
Table 7

Solution of Example 3

Process Type of F; Cin Cout Minimum fresh water
number process (ton/h) (ppm) (ppm) flowrate with reuse
(ton/h)
1 H 0.0 0 80 25.0
2 1 F,, =13.8462 25 90 30.4615
3 I F,; =6.3492 25 200 16.5079
4 1 F, 4 =11.1538 50 100 25.4273
F,, =234188
5 T F, s =9.51428 50 800 20.3238
Fg s =100
Fy5 =0.16191
6 WWU Fy ¢ = 16.6667 300 800 0.0
7 WwWuU F; 5 =1.19047 200 600 0.0
F,, =190476
Fo ., =1.90476
8 H 0.0 0 100 10.0
9 T F, o =14.5397 50 300 38.5460
Fyo =269143
10 WwWuU F310 =21.6667 150 300 0.0
F4 10 =21.6667
Total minimum fresh water flowrate 166.2665

(ton/h)
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y > 3 >
T ]«;W
£y ‘
K > 2 >
F)ﬁ
1.2 [729
3 Y Y
NN > s A > 9 : > >
T ]:9“.
Fa Fis Foo (Fos
]:4 s Y Y VY
v Y > 4 . > » 5 ——>
T Jo £y, Fys TF;
£, \
, > 7 >
i A
la.o
A Fiw > 10 >
Er
N 5
Fig. 10. Water network obtained for Example 3.
Table 8
Data for Example 4
Process number Mass load of Ch* (ppm) C% (ppm) Minimum fresh water
contaminant (kg/h) flowrate without reuse
(ton/h)
1 1.0 0 80 12.5
2 2.0 0 100 20.0
3 2.0 0 120 16.6667
4 2.0 25 80 25.0
5 2.880 25 90 32.0
6 1.5 40 90 16.6667
7 30 50 100 30.0
8 4.0 75 120 33.3333
9 4.0 25 200 20.0
10 10.0 75 150 66.6667
11 8.0 120 200 40.0
12 1.8 200 300 6.0
13 20.0 75 300 66.6667
14 6.5 150 300 21.6667
15 2.0 200 600 3.3333
16 30.0 50 800 375
17 5.0 400 800 6.25
18 7.0 400 500 14.0
19 2.550 600 850 3.0
20 0.6 800 950 0.63158
Example 4. It presents a large-scale problem, which con- these processes without wastewater reuse. Fig. 11 shows
tains 20 processes. Table 8 shows the data for this example the network system obtained using the algorithmic pro-

including all the minimum fresh water requirements of cedure. Tables 9A and 9B contain the network flowrates.
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Fig. 11. Water network obtained using the maximum reuse algorithm in Example 4.

Processes 1-10 of Example 4

Process Type of F; ; (ton/h) Cin Cout Minimum fresh water
number process (ppm) (ppm) flowrate with reuse (ton/h)
1 H 0.0 0 80 12.5
2 H 0.0 0 100 20.0
3 H 0.0 0 120 16.667
4 H 0.0 0 80 25.0
5 1 F, s =13.846 25 90 30.462
6 1 Fie =125 40 90 15.0
Fo6 =25
7 I F,; =28.654 50 100 25.705
Fs, =25.641
8 I Fsg = 18.667 75 120 17.356
F¢g =300
F, g =22867
9 1 Fg o =4.762 25 200 18.095
10 I Fy.10 =200 75 150 40.478
F;40 =37.133
Fg.10 = 35722
Table 9B
Processes 11-20 of Example 4
Process Type of F;; (ton/h) Cin Cout Minimum fresh water
number process (ppm) (ppm) flowrate with reuse (ton/h)
11 1 F3,11 =16.667 120 200 6.986
Fgq, =48.405
Fio.11 =27.943
12 I/ WwWU Fi11, =180 200 300 0.0
13 I Fio.13 =44.444 75 300 44.444
14 T/WWU Fi9.14 =43.333 150 300 0.0
15 I/WWU Fo,5 =50 200 600 0.0
16 1 Fio016 = 13.333 50 800 26.667
17 I/WWU Fi517 =6.250 400 800 0.0
Fis.17 = 6.250
18 I/WWU Fi3.18 =350 300 500 0.0
19 T/WwWU Fi510=50 600 850 0.0
Fi6.10 =1.733
Fig10 = 3467
20 T/WWU Fi720 =40 800 950 0.0
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The total fresh water that would be required if no reuse
were done is 471.88158 ton/h. The minimum fresh water
target found through the algorithmic procedure is
299.35873 ton/h, which means 36.6% water savings.

8. Conclusions

A new method to solve the water allocation problem in
refineries and process plants has been presented. It has
been shown through multiple examples that the proced-
ure always provides the minimum fresh water target and
a realizing network. The design can be performed totally
by hand even for large-scale problems.

Notation

C concentration of contaminant, ppm
F water flowrate, ton/h

F water flowrate after a perturbation, ton/h
Subscripts

in at inlet

out at outlet

j process j

P; precursors of j

R; receivers of j

Superscripts

min minimum
max maximum

* additional sources
w fresh water
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