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Abstract

This paper presents a methodology for locating sensors in dynamic systems. It aims to maximize Kalman filtering performance
by using accuracy as its main performance index. To accomplish this task, both the measurement noise and the observation matrices
are manipulated. The method has been applied in two academic case studies and in the Tennessee Eastman Challenge Problem and
has shown promising results.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Several techniques have been developed for designing
and upgrading instrumentation for process plants in
which monitoring tools are used that assume a steady-
state [1–3]. Most of these, dating up to the year 2000,
are reviewed in [4]. Extending these steady-state sensor
placement procedures to handle dynamic processes relies
mainly on correctly denning the threshold limit based on
the performance of the sensor network (precision and/or
accuracy) and on classifying variables of dynamic
processes.

Background equations of different dynamic data rec-
onciliation techniques can be used to calculate the sen-
sor network precision without any knowledge of the
actual measurements. The Kalman filter is not the only
procedure that can estimate the measurement error
covariance matrix of estimated process variables. Alter-
native dynamic data reconciliation (DDR) techniques
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[7,8] can also be applied. However, in some cases, the
Kalman filter provides superior performance in terms
of variance reduction and dynamic tracking, as dis-
cussed in [9]. Additionally, by providing the observabil-
ity requirement, the Kalman filter is able to estimate all
states using an incomplete and noisy measurement set.

In a previous work [18], a systematic search was used
to obtain a maximum performance of the sensor net-
work. Optimization was split into two individual prob-
lems: minimizing cost and maximizing performance.
Therefore, by looking at the spectrum of solutions it
was possible to decide the best trade-off between perfor-
mance and cost. Moreover, the Pareto optimum space
over the different objectives could also be determined.
Muske and Georgakis [1] proposed such a Pareto opti-
mal approach, in which the error of the variance-covari-
ance matrix is used as a means to determine quality.

In this work, the state-space model identification is
addressed from the perspective of sensor placement.
An analysis of observability is performed and used in
the formulation of sensor placement. The optimal design
is obtained using a genetic algorithm. The methodology
is finally applied to several scenarios and compared with
other methods.
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Nomenclature

Ak state transition matrix
Bk control gain matrix
Cmax margin cost
ci capital cost of sensor type i

djp;1 Kalman filter performance indicator of j

averaging [Pk/k]j over n
djp;2 Kalman filter performance indicator of j

using asymptotic [Pk/k]j value
dp,b ‘‘best’’ sensor network performance
dp,c current sensor network performance
dp,u upper bound on accuracy design specification
Hk observation matrix
G number of generation used to evaluate early

GA stop
Lind individual length
NG total number of generations
Nind number of individuals in each generation
Pc crossover probability
Pm mutation probability
Pk/k error covariance matrix
P0 covariance matrix of primary variable estima-

tion errors
Pk Kalman filter gain matrix
Q covariance model error matrix
R covariance measurement error matrix
S set of process variables of interest
uk vector of control input variable at sampling

time k

xk vector of state variable at sampling time k

x�k state variable equal to [uk,xk]
yk vector of measurements variables at sampling

time k

vk vector of measurement noise
wk vector of process model noise

Operators

cov(Æ) covariance operator
E[Æ] expectation operator
obsv(Æ) function calculating the observability matrix
rank(Æ) function calculating the rank of a matrix

Greek symbols

r2i variance of sensor type i

U fitness function
w observability requirement function
lmin minimum fitness increment

Subscripts

i sensor type
I number of sensor types
j process variable
J number of variables that can be measured
k time instant
n time-horizon
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2. Proposed methodology

2.1. Kalman filtering algorithm

The Kalman filter [10,11] is a recursive technique for
estimating state variables and their associated error vari-
ances. The algorithm uses the following discrete state-
space dynamic model and measurement model:

xk ¼ Akxk�1 þ Bkuk�1 þ wk�1 ð1Þ

yk ¼ Hkxk þ vk ð2Þ
where k represents a sample time, xk is the nx dimen-
sional vector of state variables, uk is the nu dimensional
vector of manipulated input variables and yk is the ny
dimensional vector of measured variables. The state
transition matrix Ak, the control gain matrix Bk and
the observation matrix Hk are matrices of an appropri-
ate dimension and if their coefficients are time-indepen-
dent the subscript k can be dropped.

The Kalman filter assumes errors in the process
model and in the measured data. The process noise wk

represents errors in the state transition model. This noise
is assumed to be white, with zero mean and a variance
Q. vk represents a measurement noise with a variance R.

Using process measurements, the error covariance
matrix Pk/k�1 associated with the estimated state vector
x̂k=k is updated as follows:

Pk=k ¼ Pk=k�1 � KkHPk=k�1 ð3Þ
where Kk is the Kalman filter gain given by

Kk ¼ Pk=k�1 �HTðHPk=k�1H
T þ RÞ�1 ð4Þ

To implement the algorithm, the following initial condi-
tions should be estimated:

Ehx0i ¼ x̂0

Eh½x0 � �x0�½x0 � �x0�Ti ¼ P0

ð5Þ
2.2. Measurement of instrument performance

2.2.1. Process variable estimation performance

measurement

The computation of the error covariance matrix Pk/k

is independent of the process variable measurements, as
is apparent from Eq. (3). Indeed, the parameters re-
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quired for computing Pk/k are R and Q, and the initial
value of Pk/k (say P0), and these variables can be evalu-
ated without any knowledge of the process variable val-
ues. The measurement error covariance matrix R is
given by the intrinsic quality of the measuring devices;
thus, the elements of R can be chosen as the design
parameters for sensor placement. Assuming that mea-
surement errors are independent (null covariance), the
matrix R has a diagonal form. Determining the process
noise covariance Q is generally a more complex process
due to difficulties entailed in directly observing the pro-
cess noise. Usually, the diagonal elements of Q are as-
sumed to be positive and fixed and the off-diagonal
elements are set to zero [11].

Therefore, Pk/k is selected as a basis for assessing the
accuracy of the Kalman filter estimation. If the measure-
ment errors R are independent of time and normally dis-
tributed, the Kalman filter is an optimal unbiased
estimator (of all possible unbiased estimators it is the
one with the smallest variance). However, if the mea-
surement errors are not normally distributed the Kal-
man filter cannot be used because it is biased [10].

Since Pk/k is not constant over the time-horizon
k = 0, . . . ,n, the Kalman filter performance of process
variable j can be calculated by averaging [Pk/k]j the en-
tire time-horizon as presented in Eq. (6):

dj
p;1 ¼

1

n

Xn
k¼0

½Pk=k�j

 !
ð6Þ

Usually (see Section 2.2.2) the Kalman filter converges;
the gain Kk and Pk/k reach a constant value in a few iter-
ations for any initial conditions P0 and x̂0. Therefore,
the asymptotic value of Pk/k can also be used as a perfor-
mance measure as shown:

dj
p;2 ¼ lim

k!n
ð½Pk=k�jÞ ð7Þ

In fact, when the Kalman filter is applied to a system
that is continuous and dynamic, Eq. (6) is preferred,
whereas when conditions reflect short-lived batch sys-
tems Eq. (7) is more appropriate.

2.2.2. Kalman filter initialization and convergence

considerations

In the evaluation of the KF performance at any time
k, an important issue to be considered is the fact that in
practical applications the initial KF conditions (x0 and
P0) are guessed, and the KF may not converge for any
initial conditions.

The discrete time Riccati equation provides a useful
means to evaluate the asymptotic behavior of Pk/k. It
can predict two types of theoretical divergencies due to

• the natural behavior of the process dynamics,
• process non-observability with the given measure-
ments.
The Riccati equation can be used to demonstrate that
‘‘theoretical divergence’’ does not occur in controllable
and observable systems, independently from the initial
conditions.

However, sometimes the algorithm does not converge
under ‘‘theoretical convergence’’ conditions due to

• bad data,
• numerical problems,
• Mismodeling: unmodeled state variables, unmodeled
process noise, errors in the transition matrix (A),
overlooked non-linearities.

Divergence control methods are widely treated in the
literature [12–14], being many of them alternate forms
or extensions of the Kalman filter algorithm. In the next
sections convergence conditions are assumed. Specifi-
cally, in the presented case studies the value of n = 15
has been sufficient to reach convergence.
2.2.3. System performance

Different sensor networks lead to different values of
dj
p. The performance measure presented in Eq. (7) corre-

sponds to the estimation of a particular process variable.
Although the objective is to maximize the performance
of the filter for all variables, maximizing the perfor-
mance for one particular variable may not be compati-
ble with maximizing it for others, which can cause
conflict.

In this work, we propose evaluating the performance
of the whole system by selecting a function that relates
the individual variable performance measurements given
by Eq. (7). One simple alternative is to select the variable
with the lowest performance value. A more elaborate
option is based on evaluating the distance of sensor net-
work (dp,c) from the ‘‘best’’ sensor network. Thus, the
‘‘best’’ sensor network (dp,b) is defined as the one in
which all the process variables are completely measured
with the most accurate devices available. When only a
few process variables are of interest, only those ones
are considered.

Let S be the set of variables of interest. Then, the sys-
tem performance can be constructed by comparing the
current system performance ðdj

p;cÞ and the ‘‘best’’ system
performance ðdj

p;bÞ for all the process variables j, as
follows:
dS
p ¼ d0 þ

X
j2S

jdj
p;c � dj

p;bj
 !�1

ð8Þ
where d0 is introduced to avoid singularities: if the
value of d0 = 1, the maximum performance value is nor-
malized and the best performance corresponds to
dS
p ¼ 1.
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2.3. Sensor placement

Clearly, at a design phase, measurement errors (vk)
are mainly due to measuring device errors. A possible
connection between sensor placement and the Kalman
filter can be performed via the measurement error vari-
ance matrix R, by assigning a large value to unmeasured
variables in this matrix. The design procedure should
choose the value of the diagonal of R. In classical con-
trol, manipulated variables u are assumed to be known.
Thus, the elements of P are the variance of state vari-
ables x. However, from a monitoring perspective, the
estimated value and the variance of variables are consid-
ered. In this case, the distinction between state and
manipulated variables is avoided. Therefore, to include
variable set u in the Kalman filter algorithm, these vari-
ables have to be considered as state variables, which
leads to a new nz dimensional state variables, x�

k ¼
½uk; xk�. This change involves an update of the model
identification (A, B and H). Indeed, since the control in-
put variables are considered to be state variables, matrix
B is dropped. Next, if we assume that all process vari-
ables are potentially measured, matrix H is the identity
matrix of size nz. This assumption is very important in
the placement algorithm for analytical calculation of
Kalman filter gain, as shown in Eq. (4). To identify
the state transition matrix it is assumed that input vari-
ables during a given time period are correlated with the
input during the previous time period, as follows:

uk � uk�1 þ wk�1 ð9Þ
Using the state variable x�

k and Eqs. (1) and (9) provide
the following transition state matrix A*:

A� ¼
Inu�nu 0nu�nx

Bnx�nu Anx�nx

� �
ð10Þ

giving

x�
k ¼ A�x�

k�1 þ w�
k�1 ð11Þ

y�k ¼ H�x�
k þ v�k�1 ð12Þ
2.4. Observability analysis

It is clear that the system performance dS
p can lead to

acceptable values for any set of sensors if the process
variables belonging to S are all strictly observable either
independently or through the model equations. There-
fore, the values of dS

p depend not only on the dynamic
data reconciliation technique (in this case the Kalman
filter) but also on the sensor network selected.

From S, those variables that are redundant are ad-
justed and their variances are fed back by the Kalman
filter. The estimation of unmeasured but observable
variables and their variances is obtained by means of
coaptation techniques (the Kalman filter can directly
solve the incomplete and noisy state observation). In
this way it is possible to find the variances of all the pro-
cess variables in S in order to calculate the value of dS

p .
Therefore, observability analysis is an important aid

in the design of instrumentation schemes. An unmea-
sured variable is defined as unobservable if it cannot
be uniquely determined through the measured variables.
A variable is defined as non-redundant if the deletion of
its measurements will make it unobservable. Thus, both
definitions are based on the uniqueness of determining a
variable value. These fundamental properties will serve
for steady-state as well as for dynamic processes.

Albuquerque and Biegler [6] developed an efficient
method for classifying the variables of a dynamic pro-
cess. After discretizing the differential equations using
implicit Runge–Kutta, their method calls for linearizing
the process model. Finally, they apply the properties of
observability and redundancy to derive the tools neces-
sary for such a classification using sparse LU decompo-
sition. Their approach to observability analysis is similar
to the one developed by [15], except for that they use it
on dynamic systems. An important result presented in
their work is that redundancy analysis in steady-state
differs from that used in dynamic systems.

It is important to mention that the procedure ex-
plained above variable classification yields the same re-
sults as those presented by the Kalman filter when
using the observability matrix. To ensure that the Kal-
man filter converges to an acceptable and unique value
the observability constraints must be satisfied. Therefore,
variable classification has a direct impact on the Kalman
filter performance. The error variance of the unobserv-
able variable jwill tend towards infinity and thus the Kal-
man filter gain becomes equal to zero. This means that
the second term on the right hand side of Eq. (3) is null
while the first term is continuously increasing at each iter-
ation of the Kalman filter. Moreover, if the pair (A*,H*)
is completely observable, the unmeasured but observable
variables are given a unique error covariance matrix.

As was explained, unmeasured variables are made
evident in the sensor placement model formulation by
assigning infinite variance to the corresponding posi-
tions of R. It is additionally necessary to explicitly han-
dle the unmeasured variables by modifying H*. The
columns of H* corresponding to unmeasured variables
are set to zero-columns so that the Kalman filter results
can be validated by requesting that the rank of the
observability matrix be made equal to the number of
state variables:

rankðobsvðA�;H�ÞÞ ¼ nz ð13Þ
If the hypothesis of observability is not fulfilled, that is,
the observability matrix of the pair (A*,H*) is not full
row rank, the state covariance error of the Kalman filter
will not converge to a unique value from different initial
conditions [11].
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2.5. Sensor placement procedure

The objective is to maximize the system performance
given in Eq. (8) as much as possible by varying the diag-
onal elements of matrix R subject to a cost bound Cmax

and a set of additional constraints w(S) which are re-
lated to observability. From the diagonal elements of
R, the placement and type (e.g., level-meter, flowmeter,
etc.) of sensors are directly obtained.

Assume sij is an integer variable corresponding to the
placement of sensor type i, at network location j. Addi-
tionally, the sensor type is given by its variance error
(r2

i ). When a variable is not measured, a ‘‘dummy’’ sen-
sor with (r2

i ! 1) is selected, which has a null cost. This
directly affects R and H*. Therefore, the optimal sensor
network problem is formulated as follows:

max
sij

ðdS
p Þ

s:t:
X
i

ðci � sijÞ 6 Cmax

wðSÞ ¼ 1

ð14Þ

where w(S) is an algorithmic constraint. Its value is
equal to one when the set of feasible sensor networks al-
lows one to observe all the process variables belonging
to the set S, and zero otherwise. In practice, this con-
straint should ensure that the variable value belonging
to S should be able to be inferred, although some redun-
dancy should also be allowed to validate those infer-
ences. In other words, the function w(S) should ensure
a minimum redundancy in order to provide an accept-
able precision for the estimation of variables.

In addition, a threshold value of cost Cmax is used to
build a Pareto curve. Since the relationship between
investment and performance is generally non-linear,
increasing Cmax by a small amount might lead to a con-
siderable performance improvement and vice versa.

It is important to note that the value of R is directly
related to the Kalman filter convergence. A reduced
measurement error noise (i.e., low values of R) leads
to quicker convergence of the algorithm. Therefore, an
accurate sensor network will reduce the measurement
error and consequently the convergence time, which
allows for a better tracking of the process behavior.
Thus, a lower sensor network cost can provide accurate
solutions for slow control systems, whereas a fast chang-
ing control system will require a more expensive net-
work in order to obtain an optimal solution and to
ensure a good tracking of the process variables.

2.6. Genetic algorithm approach

The different ways in which a catalogue of I sensors
can be arranged in J location positions is (I + 1)J. Addi-
tionally, in most real life problems, near optimal solu-
tions that can be generated quickly are more desirable
than optimal solutions which require a huge amount
of time. Therefore, a Genetic Algorithm (GA) [19–22]
technique has been chosen to solve this highly combina-
torial optimization problem.

In classical GA formalism a set of Nind candidate
solutions (population) are generated randomly. The po-
tential solution in the multidimensional search space
(individual) is coded as a vector, called a chromosome.
The goodness of each individual in the population is
evaluated by using a pre-specified fitness criterion. Upon
assessing the fitness of all the chromosomes in the pop-
ulation, a new generation of individuals is created from
the current population by using crossover and mutation
operators.

In the proposed approach, each gene in the chromo-
some corresponds to a variable that can be measured
once, using a single sensor selected from a set with dif-
ferent cost and accuracy.

Therefore, the length of the chromosome is equal
to the number of variables that can be measured J. A
dummy sensor with null cost and a very low accuracy
is included in the sensor catalogue in order to take into
account the location of no sensors. Then, the value of
each gene can vary from 1 to I + 1, where I is the num-
ber of sensors in the catalogue.

The assessment of the fitness is made in two stages:
Firstly, the sensor network feasibility (i.e., the restriction
of Eq. (14)) is evaluated. If the individual involves any
unfeasibility the objective function value is considered
infinite and the sensor network fitness U is set to zero.
If the individual is feasible, the fitness is evaluated using
the performance criterion presented in Eq. (14) (i.e.,
maxsijðdS

p ÞÞ. During the feasibility and fitness evaluation,
the sensor type is associated with its characteristics (i.e.,
cost and accuracy).

To generate new populations, individuals are selected
from the initial population and crossed by means of rou-
lette wheel selection, two point crossover and mutation
operators. The algorithm is terminated using one of
two stopping criteria: either the number of generations
reaches a predefined maximum value NG or the current
population does not yield sufficient improvement lmin

compared with the performance reached G generations
before.

The Matlab genetic algorithm Toolbox developed by
the University of Sheffield [17] was used in the following
case studies. All the examples were solved using an
AMD XP2500 processor with 512MB RAM running
on Microsoft Windows XP.
3. Results and discussion

In the following case studies, the number of possible
measurements considered and the number of states is the
same, therefore following a practical initialization of the
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Kalman filter algorithm, the value of P0 is selected such
that it equals R.

3.1. Case study I

Fig. 1 shows a process network used as a motivating
example in order to evaluate the proposed sensor place-
ment methodology. It is taken from [16] (eight streams
and four storage tanks are considered). The aim of this
example is to monitor the flowrate and mass hold-ups. It
is possible to place flowrate sensors in all streams and a
level sensor in all nodes (i.e., J = 12). The dynamic mass
balance is adopted for supporting the instrumentation
design schemes. Table 1 gives the catalogue of sensors
and their characteristics, including a dummy sensor that
represents the location of no sensors.

The matrices A*, B, H* for this case study are as
follows:

A� ¼ I8�8 08�4

B4�8 I4�4

 !
;

B ¼

1 �1 0 0 0 1 0 0

0 1 �1 0 0 0 1 �1

0 0 1 �1 0 �1 0 0

0 0 0 1 �1 0 �1 0

0
BBB@

1
CCCA

H� ¼ I12�12 ð15Þ

and the state vector x* results,

x� ¼ ½F 1; F 2; F 3; F 4; F 5; F 6; F 7; F 8;M1;M2;M3;M4�
ð16Þ

The GA has been applied with Nind = 30, NG = 50,
G = 15, lmin = 1�10, Pc = 0.7 and Pm = Pc/Lind =
0.0538. With these parameters, the algorithm converges
in 1 m and 40 s.

The low computational time required by the algo-
rithm to reach the solution allows it to scan the entire
Fig. 1. Case study I: Scheme of the process network.

Table 1
Case study I: Available sensors in the catalogue

Sensor type Cost Accuracy (%)

1 2500 1
2 1800 5
3 0 1000
restriction space, from Cmax = $1000 to $30,000, in steps
of $1000. The scan was executed 10 times taking a total
time of 8 h and 37 min.

To improve the computation performance, the search
is biased by including the best sensor network obtained
for a given Cmax in the initial population of the compu-
tation with a Cmax immediately superior. The resulting
profiles for the system performance (defined as in Eq.
(8)) are presented in Fig. 2, including the upper and
lower bounds obtained during the 10 scans and the mean
values. Note that Cmax = $30,000 allows the location of
the more expensive sensor to measure each variable.

It has been found that the variance in the solutions
obtained in the different scanning experiments can be re-
duced by changing the algorithm parameters (increasing
Nind and NG) but at the cost of an increase in the calcu-
lation time.

It is clear that higher investment leads to a better sen-
sor network. However, in the curve it is difficult to find a
point that presents a clear best solution from the point
of view of the cost-performance trade-off. The sensor
network corresponding to the break in the curve at a
margin cost of $20,000 with a performance of 42.74%
was selected since it gives an acceptable performance
at a relatively low cost (see Table 2).

To check the results given by the algorithm, an
exhaustive search was performed for Cmax = $16,000,
the computation time being 51 h and 21 min. From the
313 = 531,441 possible solutions only 36% are feasible.
They are presented in Fig. 3 along with the best and
worst solutions reached by the GA. The optimum corre-
sponds to only one sensor network and there are 44
solutions better than the one found by the GA. Table
3 presents the characteristics of the optimum sensor net-
work for a margin cost of $16,000 and the sensor net-
works obtained with GA for margin costs of $16,000
Fig. 2. Case study I: Performance obtained in several restriction space
scanning.



Table 2
Case study I: Sensor network characteristics for the best cost-accuracy trade-off

F1 F2 F3 F4 F5 F6 F7 F8 M1 M2 M3 M4 MC RC dSp

– 1% – 1% 1% 1% – – 1% 1% 1% 1% $20,000 $20,000 42.74

Fig. 3. Case study I: Sorted OF values obtained through an exhaustive
search. The crosses represent the best and worst solutions obtained by
the GA.

Fig. 4. Case study II: Process flow diagram.
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and $20,000. Note that the solutions obtained by the
GA are near the optimum, and were obtained very
quickly.

3.2. Case study II

Let us consider the sensor network design of the lin-
ear dynamic process taken from [5], and reproduced in
Fig. 4. It consists of one tank (Node 2) linked by four
flow streams. Node 1 is a splitter that was considered
as a storage tank, but without any accumulation. This
hypothesis is equivalent to having a measuring device
in Node 1 of a high precision and at zero cost. The sen-
sor options for each stream are assumed to be [1%, 2%,
3%] of relative error with costs of $2500, $1500 and
$800, respectively, while the options for hold-ups are as-
sumed to be [16 kg, 64 kg] of relative error with costs of
$2600 and $500, respectively.

The sensor placement optimization problem pre-
sented above was inverted to minimize the capital cost
subject to the requirement on certain performance limit
Table 3
Case study I: Comparison between the sensor network characteristics of the so
search for MC = $16,000

Algorithm F1 F2 F3 F4 F5 F6 F7 F

GA (best solution) – 1% – 1% 1% 1% – –
GA (worst solution) 1% 5% – – – – – 1
Optimum solution 5% – – 5% 5% 5% – –
ðdS
p;uÞ and system observability. The resulting problem

can be stated as follows:

minsij

X
i

ci � sij

 !

s:t: dj
p;c 6 dj

p;u 8j 2 S

wðSÞ ¼ 1

ð17Þ

Therefore, the incidence matrix B for this process is gi-
ven by Eq. (18), where the columns represent variables
x1, x2, x3, x4 and x5, respectively and the rows represent
the dynamic mass balance around Nodes 1 and 2,
respectively. For both stream and hold-up measuring
device options a ‘‘dummy’’ sensor is added to emulate
unmeasured variables.

B ¼
1 �1 �1 0 0

0 0 1 �1 �1

� �
ð18Þ

The sensor placement problem is solved using the GA
presented in Section 2.6. In fact, this is a small problem
(43·32 = 574 possible sensor networks) that would not
require the use of GA, but it has been included here
for purposes of comparison with the results obtained
in other studies.

The individuals are coded using base four for the
flow-meters and base three for the level-meters. The fit-
ness function is the opposite of the objective function in
Eq. (17) and the feasibility is checked by means of the
constraints in Eq. (17). The GA configuration parame-
ters are the following: Nind = 20, NG = 10, G = 10,
Pc = 0.7, Pm = 0.7/5 and lmin = 10�10.
lutions given by the GA and the optimum found through an exhaustive

8 M1 M2 M3 M4 RC dSp CPU time

1% 1% 1% 1% $158,007 11.39 1.66 min
% 5% 1% 1% 5% $15,400 6.24 1.66 min

5% 1% 5% 1% $15,800 11.66 3080 min



Table 4
Case study II: Comparing the proposed approach with the findings of Chmielewski et al. [5]

s1 s2 s3 s4 s5 Cost

[5] – 3% 1% 2% 64 $5300
GA 3% – – 3% 64 $2100
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In order to test the algorithm, the optimization prob-
lem was solved 10 times. The costs obtained in each run
were as follows:

½2800; 2100; 2100; 2800; 2900; 2900; 2900; 2900; 2800; 2100�
Fig. 5. Case study II: OF values of the feasible sensor networks. The
crosses represent the solutions obtained by the GA.

Fig. 6. Case study III: Tennessee
The sensor network corresponding to the solution, gi-
ven a cost of $2100, is presented in Table 4. The mean
time for each optimization was 27.7 s. To check the re-
sults, an exhaustive search was executed, which showed
Eastman process flowsheet.

Fig. 7. Case study III: Performance vs. margin cost. The dashed line
represents the mean. The bold lines show the upper and lower bounds.



Table 5
Case study III: Sensor network accuracy ðdS

p Þ and cost (RC) for the best (B) and worst (W) solutions given by the GA under different restrictions
(MC)

1 2 3 4 5 6 7 8 9 10 11 14 15 L1 L2 L3 MC ($) RC ($) dSp (%)

B .1 .1 .1 .1 .1 .1 .1 .1 .1 .1 .1 .1 .1 .1 .1 .1 29,000 29,000 100
W .25 .1 .1 .25 .1 .1 .5 .1 .1 .1 .1 .1 .1 .1 .1 .1 29,000 27,200 86.60
B .5 .1 .5 .5 .1 .1 – .1 .1 .5 .1 .5 .5 .1 .1 .1 20,000 19,800 61.55
W .5 .1 .1 .25 2 1 .25 .1 .1 .25 .5 .5 1 .1 .1 .1 20,000 19,750 57.79
B 1 2 1 1 .5 – .5 .5 1 .5 .5 1 2 .1 .1 .1 10,000 10,000 35.79
W 1 .5 .25 2 .5 .5 – – .5 1 1 1 2 .1 .5 .5 10,000 10,000 29.56
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that out of the 574 possible sensor networks a total of
343 turned out to be feasible. The computation time
for evaluating all the feasible solutions was 1 min 16 s.
The objective function (OF) values obtained for each
individual are presented in Fig. 5. The solutions yielded
for the GA in the different executions are marked with a
cross. The exhaustive optimization shows that there ex-
ists one local optimum corresponding to the best sensor
network that was found by the GA in three of the ten
runs.

It is worthy of note that although the GA does not
always yield the optimum, it yields a good solution in
a short time. Obviously, the application of the presented
GA is recommended for higher combinatorial problems.

3.3. Case study III

The Tennessee Eastman (TE) process [23] involves
the production of two products, G arid H, from four
reactants, A, C, D and E. There are 41 measured process
variables and 12 manipulated variables. The process is
depicted in Fig. 6. There are five main units: an
exothermic 2-phase reactor, a product condenser, a
flash separator, a reboiled stripper, and a recycle
compressor.

The design of a sensor network with high accuracy
and at a minimum cost has been performed. The appli-
cation focuses in reconciling signals corresponding to
material flows and units inventory. For this purpose,
two sets of sensors, one containing flow-meters and
other containing level-meters, were proposed. The
flow-meter variances are [0.1%, 0.25%, 0.5%, 1%, 2%]
and their corresponding costs are [$2000, $1700, $800,
$500, $250]. In turn, the level-meter variances and costs
are [0.1%, 0.5%, 1%, 2%] and [$1000, $800, $500, $300],
respectively.

The potentially measured variables are 13 streams
(1–11, 14 and 15) and the hold-ups of the reactor (L1),
separator (L2) and stripper (L3). According to the pro-
posed sensor placement problem statement, the number
of sensor network alternatives is combinatorially high
(613·53 = 16.32E + 12). In this case the application of
an exhaustive search is unpractical (it would take
years!!). The optimization problem was solved using
the approach presented in Section 3.1. The GA para-
meters were set to Nind = 50, NG = 200, G = 15, Pc =
0.7, Pm = 0.7/16 and lmin = 10�10.

Since the GA converges quickly, it allows one to scan
the restriction space, and in doing so to solve the prob-
lem for Cmax from $1000 to $29,000 in steps of $1000.
Such a scan was undertaken 10 times in order to check
the feasibility of the algorithm. The trade-off between
cost and performance is shown in Fig. 7 for all the scans.
The time for all the scans was 33 h, 35 min and 7 s,
which corresponds to a mean time of 6 min and 57 s
for each solution to converge. Using a Pareto optimal
analysis it is possible to detect the best performance
according to the desired investment. The most suitable
investment situation corresponds to an increase in per-
formance at a low cost, which presents a break in the
curve. In this case, an investment of $10,000 is sufficient
to yield an acceptable performance of 35.79% and the
corresponding sensor network is shown in Table 5.

It should be noted that the real cost (investment) ob-
tained by adding the value of all sensors placed does not
necessarily coincide with the margin cost Cmax, which is
a restriction value. Additionally, the fact that the real
costs of the sensor networks obtained by the GA appear
to be near to the margin cost restriction lends additional
support to the method proposed.

Finally, note that the only known optimum corre-
sponds to an investment of $29,000 and the placement
of sensors at all locations. This optimal solution was
found by the GA, but not on all the runs. However,
the worst solution found by the GA is very near the
optimum, as can be seen in Table 5.
4. Conclusions

The greatest contribution of this work is the estab-
lishment of a methodology for optimally placing a min-
imum number of measuring devices so as to satisfy the
sensor network accuracy performance of a dynamic sys-
tem. The solution strategy has been implemented in aca-
demic and industrial case studies and has shown
promising results. The profile of the relative increase in
system performance along the sensor network and the
associated investment margin gives the designer all alter-
natives. The proposed approach can be extended to take
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on non-linear systems by using the extended Kalman
filter.
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