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Abstract

In this paper, a rigorous MILP formulation for grass-root design of heat exchanger networks is developed. The methodology does not
rely on traditional supertargeting followed by network design steps typical of the Pinch Design Method, nor is a non-linear model based on
superstructures, but rather gives cost-optimal solutions in one step. Unlike most models, it considers splitting, non-isothermal mixing and
it counts shells/units. The model relies on transportation/transshipment concepts that are complemented with constraints that allow keeping
track of flow rate consistency when splitting takes place and with mechanisms to count heat exchanger shells and units. Several examples
from the literature were tested, finding that the model usually obtains better solutions. In some cases, the model produced unknown solutions
that were not found using superstructure optimization methods, even when the same pattern of matches is used.
© 2005 Published by Elsevier Ltd.
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1. Model for grass-root synthesis

The problem of designing heat exchanger networks is one of the oldest problems in process synthesis and perhaps the one
that has received the largest attention. The reader is referred to recent Bmmiter( Grossmann, & Westerberg, 19%eider,

Seader, & Lewin, 199%henoy, 1995; Smith, 199%r the complete background on all the variety of methodologies developed
throughout the years. In addition, the reader may consult three reviews on the topic of HENBran and Sahinidis (2002)
Gundersen and Naess (19&8)dJezowski (1994a, 1994b)

A well-known pinch design method emerged throughout the years as the easiest response to the challenge. It relies on two
steps, energy supertargeting and final network design. Energy supertargeting tries to determine the trade off between energy
and area cost before attempting the design. Once this trade off is determined, a single minimum approach temperature (HRAT)
is established and a design is performed, by starting to place matches at the pinch and using a tickiaffntuddf @nd
Hindmarsh, 1983; Smith, 1995Designs obtained using the pinch design methodology have been shown to be non-optimal.

To ameliorate some of the shortcomings of the pinch design method, an alternative minimum temperature difference, the
exchanger minimum approach temperature (EMAT) was introduced and used. At the same time, superstructure-like non-linear
mathematical programming models started to be proposed. A large variety of methodologies have been developed after these
initial approaches using several alternative objective functions in sequential and one step, as well as iterative procedures. All
these formulations are thoroughly reviewedfyrman and Sahinidis (20Q2)
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Nomenclature

Sets

B {(i, )] more than one heat exchanger is permitted between hot straadncold streary}
Ct {jlj is a cold stream present in zognge

C% {jlj is a cold stream present in temperature intemval zonez}

CWr {jlj is a cooling utility present in zong (CU* C C?)

H* {ili is a hot stream present in zonge

HY {ili is a hot stream present in temperature intenva zonez}

HU*? {ili is a heating utility present in zong (HU* C H?)

M {m|m is a temperature interval in zong

m? {m|m is the starting temperature interval for hot stredm

mf {m|m is the final temperature interval for hot stream

M; {m|m is a temperature interval belonging to zan@ which hot streaniis presen
n? {m|m is the starting temperature interval for cold stregm

njf {m|m is the final temperature interval for cold stregn

N3 {n|n is a temperature interval belonging to zané which cold streanjis presen

NI {i| non-isothermal mixing is permitted for hot stream
NIC¢ {j| non-isothermal mixing is permitted for cold stregjn

P {(i, /)| a heat exchange match between hot strearmd cold streamis permitted
rH {i| heat transfer from hot streaiat intervalm to cold strear is permitted

chn {j| heat transfer from hot streaito cold streanj at intervaln is permitted

SH {i| splits are allowed for hot streaih

SC¢ {j| splits are allowed for cold streafh

Z {zlzis a heat transfer zofhe

Parameters

Afimax Maximum shell area for an exchanger matching hot striesamd cold streanjin zonez
c;‘} variable cost for a new heat exchanger matching hot stéeard cold stream

05 fixed charge cost for a heat exchanger matching hot stiesnmt cold stream

cH cost of heating utilityi

c¢ cost of cooling utility;

Cpin  heat capacity of hot streairat temperature intervak
Cpin heat capacity of cold streajyat temperature interval

F; flow rate of hot process stream

F; flow rate of cold process stregim

Fl.U upper bound for the flow rate of heating utility

FJU upper bound for the flow rate of cooling utilify

jn film heat transfer coefficient for cold stregrim intervaln
Rim film heat transfer coefficient for hot strearim intervalm

AHZH enthalpy change for hot strearat intervalm of zonez
AHJZ.,;C enthalpy change for cold stregmat intervaln of zonez
lower bound for heat transfer from hot streaat intervalm to cold streanj

qiLjn lower bound for heat transfer from hot streato cold streamnj at intervaln
AT; temperature range of stream

AT; temperature range of stregm

TY upper temperature of interved

lower temperature of intervak

ATML mean logarithmic temperature difference between intemwadsdn
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Variables
Afj area for an exchanger matching hot streaand cold streamin zonez
Af]:" area of the kth exchanger matching hot stréamnd cold streamin zonez

Gk auxiliary binary variable that determines whether tit@ exchanger between hot streamith cold streany in
zonez exists at intervain of when ¢, j) € B.

KM determines the beginning of a heat exchanger at intervilzonez for hot stream with cold strean). Defined
as binary wheni(j) € B and as continuous when f) ¢ B.

K5 determines the beginning of a heat exchanger at intereékzonez for cold streany with hot stream. Defined
as binary wheni(j) € B and as continuous whenp f) ¢ B.

k&=H  determines the end of a heat exchanger at intenvaf zonez for hot stream’ with cold strearny. Defined as
binary when {, j) € B and as continuous when f) ¢ B.

k%€ determines the end of a heat exchanger at intergékonez for cold streanj with hot streami. Defined as binary
when ¢, j) € B and as continuous when ) ¢ B.

dim,jn  heattransfer from hot streanat intervalm to cold streanj at intervaln in zonez

:H non-isothermal mixing heat transfer for hot streabetween intervals: andn in zonez

67;,,51 non-isothermal mixing heat transfer for hot streabetween intervals: andrn in zonez

Af],f heat transfer from hot streanat intervalm to cold streamnj in zonez

“fJnC heat transfer to cold streghat intervaln from hot streanj in zonez

”fjnﬁ’ auxiliary continuous variable utilized to compute the hot side heat load of each heat exchanger when several
oy exchangers exist between hot streizand cold streamin zonez

auxiliary continuous variable utilized to compute the cold side heat load of each heat exchanger when several
exchangers exist between hot streizand cold streamin zonez

49, jn auxiliary continuous variable utilized to compute the area of individual heat exchangers between hot stream
with cold streanj in zonez when ¢, j) € B.

U number of shells in the heat exchanger between hot stigauh cold streamin zonez
Ufj"‘ number of shells in théth heat exchanger between hot streeand cold streamin zonez
Xin. i auxiliary continuous variable equal to zero when an exchanger ends at intefiahot stream and at interval

n for cold streanj. A value of one corresponds to all other cases.

ij;f determines whether heat is being transferred from hot stéesrimtervalm to cold streanj. Defined as binary
when ¢, j) ¢ B and as continuous when f) € B.
Yl.j.;f determines whether heat is being transferred from hot stigarnold streanj at intervaln. Defined as binary
when (, j) ¢ B and as continuous when f) € B.
af’jn’f auxiliary continuous variable equal to one when heat transfer from interadlhot stream to cold streany
occurs in zone and it does not correspond to the beginning nor the ending of a heat exchanger. A value af zero
corresponds to all other cases.
afjnc auxiliary continuous variable equal to one when heat transfer from hot stréamtervalrn of cold streany

occurs in zone and it does not correspond to the beginning nor the ending of a heat exchanger. A value af zero
corresponds to all other cases.

Furman and Sahinidis (200&(scuss the “strong need for the development of approximation algorithms”. This stems from the
realization that heat exchanger network design is an NP-Hard proBlemmén & Sahinidis, 2001 They also suggest that the
simplifying assumptions that have been used (“isothermal mixing, no split stream following through more than one exchanger
and no stream bypass”) diminish the merits of some successful one-step methods. They call for a “truly complete formulation of
the HENS problem without any simplifying assumptions.” Some efforts in this direction have been mbadmivgki, Shethna,

& Castillo (2003) who proposed linear models. We believe that we are responding to that challenge to a good extent, both
on the modeling aspect of limiting the simplifying assumptions to a minimum and proposing a MILP formulation that can be
attractive from a computational standpoint. This MILP model is based on the transportation—transshipment paradigm and it has
the following features:

e counts heat exchangers units and shells;
e approximates the area required for each exchanger unit or shell;
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controls the total number of units;

implicitly determines flow rates in splits;

handles non-isothermal mixing;

identifies bypasses in split situations when convenient;

controls the temperature approximation (HRAT/EMAT&T yin) when desired;
can address block-design through the use of zones;

allows multiple matches between two streams.

All the above features are the result of a special transshipment/transportation scheme that is capable of precisely describir
the structure of the network using different sets of binary variables. Consequently, the model has a remarkable ability to
produce cost-optimal networks. The one-step structure of the formulation also presents important advantages in terms of us
intervention demand and allows achieving a high degree of design flexibility. Contrasting with to the traditional two-step
structure (Targeting/Supertargeting and Network Design) of most of the approximate methods, this new formulation directly
gives cost-effective solutions at once. Although there have been attempt to establish one-step procedures based on mathemat
programming (complete list provided Byirman & Sahinidis, 20Q2our proposed procedure does not rely on any the simplifying
assumptions used so far. In addition, unlike others, it is MILP and is reasonably fast. Several examples from the literature wer:
tested, finding that the model usually obtains better solutions in terms of cost-optimality. In some cases, the model produce
unknown solutions that were not found using superstructure optimization methods, even when the same pattern of matches
used.

2. Mathematical model
2.1. Set definitions

We now proceed to outline the general philosophy of the model. For this purpose, let us define a number of different sets tha
will be used throughout the model. First, a set of several heat transfer zones is defined, Z@afgdyis a heat transfer zoe

This set allows the model to handle restrictions imposed by the designer on the heat transfer from certain temperature interva
to others. For instance, if a designer wanted to explore a network using the pinch design method, two zones (above and belo
the pinch) are defined. On the other hand, if the designer wants to explore a network that minimizes the total cost, even by
transferring heat across the process pinch, only one zone is required. Additionally, the use of zones can be used to separate
design in different sub-networks that are not interrelated, simplifying the network and the problem complexity.

Next, the following sets are used to identify hot, cold streams; and heating, cooling utilities.

H*={ili is a hot stream present in zone

C*={j|j is a cold stream present in zogke

HU? ={i|i is a heating utility present in zong (HU* C H?)
CU: ={j|j is a cooling utility present in zong (CU* C C?)

Additionally, several temperature intervals are considered in each zone, in order to perform the heat balances and the are
calculations. These intervals, are then sorted such that<fm; thenT,,?l > T,f{z, where the superscrijf indicates the upper
limit of the temperature interval. In addition, a shift Aff\y,;, is performed over all cold streams temperatures to guarantee
network feasibility. The value oA T, however, can be set to zero or any small value, which would be equivalent to using an

EMAT. The different sets related to the temperature intervals are:

M¢ ={m|m is a temperature interval in zogg

M7 ={m|m is a temperature interval belonging to zané which hot streaniis preseng
N]Z- ={n|n is a temperature interval belonging to zané which cold streanjis preseng
HY ={ili is a hot stream present in temperature intenvéth zonez}

C% ={jlj is a cold stream present in temperature intemval zonez}

mdo ={m|m is the starting temperature interval for hot stredm

n;={n|n is the starting temperature interval for cold stregm
mlf ={m|m is the final temperature interval for hot stre&m
njf ={n|n is the final temperature interval for cold stregm

The model then uses the temperature intervals to perform energy balances and flow b&igndefepicts one hot and
one cold stream spanning some temperature intervals and exchanging heat. At each interval, theqfﬁffiaidesuht for the
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Fig. 1. Basic scheme of the transportation/transshipment model.

overall heat exchanged in intervalof hot stream and all the intervals of cold streainn zonez. Similarly, variableszf]r,f are
used to compute the overall heat received by cold streaginmtervaln from all intervals of hot stream In turn, the variables
215,;1”1 n variables are used to account for the heat transportation from interval to interval between both streams.
Additionally, a number of sets are introduced to define all possible sources and destinations for heat transfer in this trans-
portation scheme.

P={(i, j)|heat exchange match between hot stréamd cold streamis permitted
PH = {j|heat transfer from hot streanat intervalm to cold streamj is permitted
Pan ={ilheat transfer from hot streainto cold streanj at intervaln is permitted

SetP defines all permitted heat exchange matches between hot and cold streams. In addition to an automatic membership of
a pair ¢, j) for which exchange is thermodynamically possible, permitted and forbidden heat exchange matches can be set by
the designer. In addition, sef§? andP]% define feasible heat transfer flows at each temperature interval.

Finally, the following sets allow the designer to manage additional features of the formulation, according to his or her own
preference.

NI = {i|non-isothermal mixing is permitted for hot stredjn

NI€ = {jlnon-isothermal mixing is permitted for cold stregm

SH = {i|splits are allowed for hot streaih

8¢ = {j|splits are allowed for cold streajh

B ={(i, j)lmore than one heat exchanger unit is permitted between hot strgaacold streamy}

The sets Nf and NF are used to specify whether non-isothermal mixing of stream splits is permitted, whil/saiel
S¢ establish the possibility of stream splits. Finally, Beis used to allow more than one heat exchanger match between two
streams, as shown Iig. 2 for match (1, j1). Thus, in contrast to previous formulations this new model is able to distinguish
situations where more than one heat exchanger unit is required to perform a heat exchange match.

Fig. 2. A case where more than one heat exchanger unit is required for a mgkch (
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Having properly defined the previous collection of sets, we now introduce the different equations of the model for grass-root
design of heat exchanger networks.

2.2. Heat balance equations

These equations simply state that the total heat available on each hot streams or the total heat demand of cold streams is eq
to the heat transferred to the specific intervals. For heating and cooling utilities, these balances are described by the followin
equations.

Heat balance for heating utilities:
FP(TY -1 = > Y Gpjn 1€ZimeMicHy;i e HU? (1)

neM* jeC}

L _pU H
T, <T, JeP,

: C
tern

Heat balance for cooling utilities:

FE(TV =T = > > @ujn 2€Zine M jeCs; jeCUF )
neM* ie€H},
TE<TY iePS
jepy

Notice that for utilities the flow rates are considered variable and will be optimally determined by the model. Thus, an a-priori
utility targeting stage is not necessary; even though a fixed value for utilities flow rates could still be specified if the designer
pleases. In turn, for process streams, the following equations represent the heat balances for cases where only isothermal mixi
of splits is considered (non-isothermal mixing is covered later).

Heat balance for hot process streamisz-NI7:

zH z . . . . H
AHST = E E Dim, jn z€Z;me M ie HY, j ¢ HU% i ¢ NI 3)
neM* jeC}
TE<1Y jePH
e pC
i€ b,

Heat balance for cold process streamsg¢-NIC:

AH = 3" > g t€ZimeMijeCs; j ¢ CUj¢ NIC (4)
meM* ieH}
Ty <Ty iePS
jePl

The next sets of equations define the hot and cold cumulative heat transfer. This cumulative transfer is used because it
related to the equations that define the existence of heat exchangers in the different temperature intervals, which are present
later.

Cumulative heat transfer from hot streauat intervalm to cold strean;:
~7,H . . Z . .o H
Gim = > G z€ZimeMieH; jeCt je Pl (5)
ne M4 TE<TY
jeCiiie P,
Cumulative heat transfer to cold stregiat intervaln from hot strearmi:
G = Y. & €ZineMiicHY jeCiiiePS (6)

me M= TE<TY
ieHyje Pl
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Fig. 3. Non-isothermal split mixing.

2.2.1. Heat balance equations for streams allowed to have non-isothermal split mixing

To consider non-isothermal mixing of stream splits, a new variafles(introduced to account for heat flows between
intervals of the same stream that correspond to such mixing. In other words, heat is artificially transferred from one interval to
another within the same stream to account for non-isothermal mixing conditions. To illustrate this, cBitsi8er

In this case, cold streajrhas been split to exchange heat between stréamusdi> and non-isothermal mixing between
these splits is allowed. Notice that the upper portion or the split in the cold stream spans temperature intervals 3 and 8, while
the lower portion spans from intervals 5-8. However, after mixing, the whole stream only spans from intervals 4-8, while the
non-split part spans the rest of the intervals. To accomplish the non-isothermal mixing, interval 3 receives more heat than its
demand (&széc) and transfer this surplus to intervals 4 and 5, as indicated in the figure allowing one branch to reach a larger
temperature. In turn, intervals 4 and 5 receive less than their demand from the hot streams, with the difference being transferred
from interval 3 by the heaj. The corresponding heat balance equations are:

Heat balance for hot streams (non-isothermal mixing allowed):

HZH Z Z qm”n—{— Z qum Z qum z€Z;meM%ie H,;i ¢ HU%; ieNI (7

neM* jeC} neM? i€ H; neM? i€H;
n>m n<m
Tt<1y jePH

ie chn
Heat balance for cold streams (non-isothermal mixing allowed):

AHG = D7 N Gt D D Toen— D D G Z€ZimeM%ieClj ¢ CU jeNIC

meM? ieHy me M J€Ch meM? J€Ch

L U c m<n m>n

T, <T, zern
i - pH

]GPim

G

Additionally, constraints enforcing the condition that heat cannot be transferred within a stream unless there exist heat transfer
with other stream(s) needs to be introduced in the model. In other wpisifyrced zero when there is no heat transferred from
or to other streams.

Heat balance for hot streams-<NI*:

Z Z(}fnﬁs Z Z qf'm’jn zeZymeM%ie Hyi ¢ HUSieNIF 9)
nne<l;’/I1ZiGH;? neM* jeCijePll

L _7U C
T, <T, ie Py
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Heat balance for cold streamsi-< NI€:

oY G > S G €ZimeMjeClij ¢ CU;jeNIC (10)
meM:Jj€Ch meM~zeH~zePJCH
m>n

TL<1Y  jepPH

m im
2.3. Heat exchanger definition and counting

The model considers a heat exchanger is defined as a consecutive series of heat exchange shells between a hot and a «
stream. For each temperature interval, heat transfer is accounted using the cumulatiyy hddake(the existence of a heat
exchanger for a given interval is defined by a new variaBJewhich determines whether heat exchange takes place or not at
that interval. Additionally, two new variable& (andk), which are closely related to tHevariables, are introduced in order
to indicate whether a heat exchanger begins or ends at a specific interval. The use of these new variables to count units h
been previously proposed IBagajewicz and Rodera (1998hd later used bf3agajewicz and Soto (2001, 2008)dJi and
Bagajewicz (2002)

Multiple shells placed consecutively are treated as a single heat exchanger. Nevertheless, there are cases where nc
consecutive series of shells could be allowed. In those cases, different heat exchanger units have to be defined for each seri
Therefore, additional equations need to be included to consider the possibility of multiple heat exchangers between the san
pair of streams. S& controls this, as described above.

Consider hot stream When only one exchangler is allowed between streaamsl;; this is, when {, j) ¢ B, then binary
variabley?? and two continuous vanablelgzlm , are used. The binary variakﬂ’g’,f indicates that there is a match between

ym
stream at intervalm receiving heat from some intervals of strearm turn, KZ " andk%H indicate the beginning and end of a

ijm

string of intervals for which the binary variable is active. Conversely, Whghé(B Y is declared as continuous aﬁ’g'i

ijm

ijm

KZ 1 are declared binary. It will be shown later that in this last caseYtariables may take a value greater or equal than one

if a heat exchanger exists for the correspondent streams and interval. This, however, does not have any effect on the resul
Alternatively, a value of zero corresponds to all variatigs, Kfjn’f , Kf]n’f when no heat exchanger exists matching streams
and;.

The following group of constraints is used to determine the existence of a heat exchanger for a given pair of streams
and temperature intervals. Constrai(i5)—(19)and(20)—(24)are used when only one heat exchanger is allowed per match.
Conversely, Equatiof25) applies in cases where more than one exchanger is permitted. Notice also that Eqi&bians!

(20) only apply to the first and last interval of a hot stream, respectively, while the sets of Equatyngl9)and(21)—(24)
are used for all intervals.

Bounds on cumulative heat transfer for hot process streams:

Y: B AHEPYE! 2eZimeM?ie Hy i ¢ HUY jeC?; je P (11)

qi]m z]m —qum ijm

Bounds on cumulative heat transfer for cold process streams:

qi]nYUn < c}lz]f < AH Cle]nC z€ZineMYieHY jeCy; j ¢ CUSie P (12)
Bounds on cumulative heat transfer for heating utilities:

qi]me]an qiﬁf <FUTY —TL) zeZ;meM?icH;ieHU jeC? jeP (13)
Bounds on cumulative heat transfer for cooling utilities:

g Y5l <@ < FY@Y —TF) zezZineM%ie HY jeCi; jeCUie P, (14)
Heat exchanger beginning for hot streamsg-#}¢ B:

Kf]nlf leﬂf zeZimeMym=mlicHY, jeC%, je PE:(i, j) ¢ B (15)
Kill <o yel _yuH €eZimeMyieH,NH, ;jeChjePEnpPl .G, /)¢ B (16)

ijm — ijm ijm—1 < ! il m m—1J v J im—1 s J ¢

Kol < Yol zeZimeM¥ie HyNH, 13 jeCs je PR NP 116, j) ¢ B 17
Kol > yi -yl zezZimeM%ie Hy NH, 1 jeC je Pl NPl 1. j)¢ B (18)
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yiH g gz

3

ijm ijm ijm
1 0 0 0
2 0 0 0
3 1 1 0
m: 1 2 3 i 4 5 6 7 8 9 4 1 0 0
: —( )— . 5 1 0 0
A 5 6 1 0 0
' ' 7 1 0 0
8 1 0 1
9 0 0 0
10 0 0 0
Fig. 4. Heat exchanger definition when/j ¢ B.
Kol >0 zeZimeMieHyNH, 1;jeCjePhn Pl 11 j)¢B (19)
Heat exchanger ending for hot streams—)(¢ B:
>z, H z,H . Z. _ f.. Z. » Z. » H.(.
Kiw 2 Y5, z€ZimeM m=m;;icH"jeCjeP,;(i j)¢B (20)
>z, H JH JH . . . .. H H ./ -
Kfjm <2- Yii’m — Yf/m+1 z€ZimeMieHy NHy 1, jeCyjeP, NPy 1,0 j)¢B (22)
Kol <vill zeZimeM¥ie HyNH, 4; jeC je PA NP 1:G. j) ¢ B (22)
Kol =yl —vol, zeZimeM¥ie HyNHy, 1 jeC je P 0Pl 1:G.j) ¢ B (23)
Koll>0 zeZimeM ieHyNH, 4; jeCje PR NP 116, j) ¢ B (24)

To illustrate how the previous sets of constraints works, consider the example presdfitediifor a match { j) ¢ B, that
is, when only one exchanger is permitted. The hot side of heat exchanger spans intervals 3 through 8 pttaé@msfer of
heat to cold strearhnot shown. Since only one exchanger is allowed for this match, variéi@;lﬁsare defined as binary, while

Kfj,f and kfjf are continuous. The values of these variables for this example are given in table in the Rght4ofThese
numbers are consistent with the set of constrgib#—(19)and(20)—(24)and are uniquely defined by them.

From the figure one can see that whenefgl’ = 0, then it follows thatk ;' = 0, K7;" = 0 (constraint§17)and(22)). In
turn, at any interval wherléfj'fnfi1 = 1, constrain{18) becomes trivial and thqu'jr,’: is forced to zero. Indeed, whé/f;_if;?f’ =1,

constraint(16) forcestjf,f to zero and Wheﬂ’fj’,f =0,K f]n’f is forced to zero by means of constra{a¥’). Similarly, when

ijfﬂ =1 then I?fjn’f is forced to be zero. Now, when a heat exchanger begins (interval 3 in this example), the conditions

Yf/.;,f’_l =0 andej;nH = 1 are satisfied and thuK,er,f is set to one by means of constrai(t§) and(18). Likewise, when a heat
exchanger ends (interval 8 in this example), the condit[(fy;;g =1 anle.i.’,ﬁrl =0 forcekf]ﬁmH to be one.

Now consider the possibility of allowing two heat exchangers between the same pair of streams, as $tigwh lin this
case, there are two heat exchangers between the shown hot stream and a certain cold stream. For convenience of presentatio
the exchangers are placed in series for the hot stream without any other unit in between, but the model is not limited to this
situation. The corresponding constraints are:

m Yi/'m K ijm K ijm
1 0 0 0
2 0 0 0
3 1 1 0
mil: 2 ;3 4 5 6 : 7 8 9 4 1 0 0
' N I I a . s 10 o
N2 AN 1 6 2 i
7 1 0 0
8 1 0 1
9 0 0 0

Fig. 5. Heat exchanger definition wheh;j € B.
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Heat exchanger existence on hot streamis-€ B:

lejn?_ Z Kul — Z Kul zeZimeMieHY, jeCs je P G, j)eB (25)
le M} le M}
I=m I<m-1
jerf jery

Since more than one exchan%er is allowed, that,ig) € B, constraint(25) is used for defining heat exchangers existence.
In addition, vanablest,f andKfjm are declared as binary, whil(-f};f are declared continuous. The tablefog. 5shows the

values of these varlables
Since the binary variable&® and I(Z  are set to one whenever a heat exchanger begins or ends, respectively, then

ym

constraint(25) setsY?; A > 1 forall mtervaISm between the beginning and end of a heat exchanger. When a heat exchanger

ym  —
between the same pair of stream ends and another one begins in the same interval (interval 6 in this exarﬁzg;,jfé)issrmmal
to two. Otherwise it is equal to one. This explains the choice of declaregycontinuous variables in this case. One could use
Equation(25) for all cases, but the distinction is made to reduce the number of binary variables.
A similar set of equations is used to define the location of a heat exchanger for cold streams. These expressions are present
next without further explanation.

Heat exchanger beginning for cold streams$-}(¢ B:

Kfjnc le]nC zeZneMZn—n IEHZJGCZZGPJCn,(l,j)(;EB (26)
Koo <2-Y50 =Yoo, zeZineM%ieHY jeCiNCy_;ie PGNP 415G /)¢ B (27)
Koo <Y5C zeZineMieHY jeCinCi_ie PSNPS 1 j) ¢ B (28)
Kid = Y50 — Y50, zeZineMYie HY jeCiNCi_;ie PG NPS 11 j) ¢ B (29)
Kir =0 zeZineMyieHY jeCiNCi_;ie PSNPS 3G j)¢ B (30)

Heat exchanger end for cold streams)(¢ B:

Kfjnc lejnc 7€ 7Z; neMZn—n lEHZJGC,Zl,ZGPJC,;,(l,]')¢B (31)
Koo <2-¥30—Y5l, zeZineM¥ieHY jeCiNCy_;iePS NP 1:G.j)¢ B (32)
KiC <Y5C zeZimeMieHY jeCinCi_ie PSNPS (i j) ¢ B (33)
Kor > Y50 —Y5C, zeZineM%ie H jeCiNC_yiie PGNP 1. j) ¢ B (34)
Koo >0 zeZineMyieHY jeCinNCi_y;ie PSNPS 4G j) ¢ B (35)

Heat exchanger existence on cold streams#-€ B:

z,C z,C z,C Z. Z. z- ;
Yo, = E K — E Kz/l zeZneM*ieH; jeC;, lEP]n,(l,J)GB (36)
leN;'. leNjZ.
I<n I<n—1
e pC o pC
i€ Py i€ Py

Finally, the number of heat exchanger units between a given pair of stré}i]n'es obtained by counting the number of
beginnings or endings. Since the number of beginnings and endings ought to be equal, this condition is enforced by equatin
the number of units to the number of beginnin7{—(38) and number of ending$39)—(40).

Number of heat exchangers between hot streand cold strear
Ej= Y Ky zeZieH%jeCt(i j)eP @37
me M”'] epPH

im
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Ej= Y Kjy zeZjieH%jeC(i.j)eP (38)
neN;’.;ierCn

Ef, = Z Kfij z€ZieH jeC (i, j)e P (39)
meM?; je Pl

Ej= > Ki¥ zeZiieHYjeC(ij)eP (40)
ne]vj;ierC,1

Ej; <1 zeZjieHjeC*(i, )eP;(i,j) ¢ B (“41)

Ej < E§™ 1€ Ziic B jeC5(, )€ PG )€ B 42)

l]—

We limit the number of exchangers to be one in the case where one exchanger is allowed, and to a rﬂéjpﬁ'ﬁﬁmmrwise.

2.4. Heat transfer consistency

When multiple heat exchangers are allowed between stréamdj, a new set of constraints has to be added in order to
individually account for the heat load of each unit. Since the heat load of a heat exchanger is accounted separately for the hot
and cold streams, these equations will ensure the equality of these two values for every exchanger. We illustrate and address
the situation depicted iRig. 6, where the hot stream exchanges heat with a cold stream in two exchangers in a way such that
the end of the first exchanger and the beginning of the second exchanger takes place in the same interval. Specifically, for this
example, the interval in questionss=6. This interval is such that part of the cumulative hﬁj# is sent the interval 5 of the
cold stream, and another part to interval 7.

In order to be able to determine the heat loads of each individual exchanger, the model needs to distinguish explicitly which
portion of q‘fé’ is transferred to interval 5 and which is transferred to interval 7. For this purpose, a new vqﬁﬁble ~
introduced, Wh|ch measures the amount of heat that is transferred to the next heat exchanger in the sequence, assuring tha
calculating the heat load for each exchanger using the hot stream yields the same value than using the cold stream. This new
variable is also used later in flow rate consistency constraints and in area calculations for each heat exchanger. In addition,
another new variablex;, s is introduced in order to determine the ending interval of each heat exchanger in the sequence for
match {, j). This variable is set to zero wheneverandn are cold-end intervals, taking positive values in all other cases. We
illustrate these equations usikgy. 6.

The heat transfer consistency constraints are presented next.

Heat transfer consistency for multiple heat exchangers between the same pair of streams:

~2,H ~z ~z,C Z z,H. z,C
Do @ < D @ e X Maxy D AHGT Y AH;
le M} leNJf le M le M
I<m I<n I<m I<n
jePl iePJ.S
z€Zimne MST) < TV, (i. j)€B;ic Hy; jeCliie PS; je Pl (43)
~z,H ~z,C 4 Z,H. z,C
Z qz]l qz]n z Z qz]l _qz]m +4le jn Max Z AI{il ! AI—Ijl
le M} leN; le M le M}
I<m lgn' I<m I<n
jeP.H iePﬁ
. L U.(; s . H
z€Zim,neM*; T, <T,;(, j)eB;ic H,; jGC,Zl,lEPn,jGPI-m (44)



1956 A. Barbaro, M.J. Bagajewicz / Computers and Chemical Engineering 29 (2005) 1945-1976

~z,H
9ij6
m 1 2
_n~zH ~z,H ~z,H ~zH ~zH _nzH ~z,H ~z,H ~z,H ~z,H ~z,H
Load =95 Y44 T4;5 Y956 —4i6 Load =95 “49; 455 Y956 Y455 T4
. _rzC ~z,C ~z,C ~z,C L. _rz,C ~z,C ~zC , ~z,C ~z2,C ~z,C , ~z,C
Unit 1 =4 Y43 s T 455 Units 1+2 =iy T Y Y5 Yy T T

m Yo Kn K, qn n Y K K, 4

1 0 0 0 0 1 0 0 0 0

2 0 0 0 0 2 1 1 0 0

3 1 1 0 0 3 1 0 0 0

4 1 0 0 0 4 1 0 0 0

5 1 0 0 0 5 1 0 1 0

6 2 1 1 >0 6 0 0 0 0

7 1 0 0 0 7 1 1 0 0

8 1 0 1 0 8 1 0 0 0

9 0 0 0 0 9 1 0 1 0

10 0 0 0 0

V4
Xim,jn
m/n 1 2 3 4 5 6 7 8 9

1 2 2 2 2 1.25 2.25 2.25 2.25 1.5

2 2 2 2 2 1.25 2.25 2.25 2.25 1.5

3 2 2 2 2 1.25 2.25 2.25 2.25 1.5

4 2 2 2 2 1.25 2.25 2.25 2.25 1.5

5 2 2 1.25 2.25 2.25 2.25 1.5

6 0.75 0.75 0 1 1 1 0.25

7 1.75 1 2 2 2 1.25

8 0.75 0.75 0.75 0

9 1.75 1.75 1

10 1.75 1

Fig. 6. Heat transfer consistency example whiyf) € B.

I N
H C .C H
Xinn=2-Kil = KGr+ 3 > K =3 2. K

leN? le M}
l§n' I<m
z€ZmneM*TE <TV:(i, e BieH:; jeC:iePS:je Pl (45)
’ ’ viqn = tmo M 1 m? n? jn? m
SOKET- > KiC =0 zezZimneM T < T TE > ThG. j)e Biie Hy; jeCiiie PG je Pl (46)
le M} leNj
I<m I<n

i pH i = pC
JEP, zerl
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3 (KszlH—kf]z,H) <1 zeZmeM(, j)eBicH,; je Pl (47)

le M}

I<m

jePl

Sk -k ) <1 zezZime M (i, j)eBiic H; je Pl 48
ijl i )<Y z€eZimeM® (i, j)EBii€ Hy, j€ Py, (48)

le N3

I<n

iePﬁ

G <@m z€ZimeM% (i, j)eBiicHy je P, “9)

Gom < Kol AHG! e Zime M (i, j)e Biic HY; je Pl (50)

G < KGNAHDH zeZime M (i j)eBiie HY; je PH (51)

G =0 zeZimeM (i, j)eBiicH,; je Pl (52)

G <@ zeZineME . j)eBijeChie P (53)

G < Kor AHSC zeZine MR (i, j)eB; je Csrie PS, (54)

3¢ < K5CAHLC zeZine M3 (i j)e B jeCliic P, (55)

51?}520 zeZine M (i, j)€ B je Cri€ PS, 0

The set of constraint@l3)—(45)imposes the condition that the heat load of each heat exchanger has to be equal no matter if
it is calculated using the hot stream or the cold stream heat transfer. This constraint is the core of the heat transfer consistency,
while the rest are subsidiary to allow the proper calculation of auxiliary variables. In this context, wha’lﬁ,g)fgﬁs equal
zero, then constrain{g3) and(44) are equivalent to the following equality, which states the heat balance consistency:

~7,H  ~z,H _ ~7,C  ~7,C
E : i —dijn = diji — 4ijm
le M} leNJ‘".
I<m I<n

Looking atFig. 6, notice thatXfm’jn is zero only for n, n) = (6, 5) and £z, n) = (8, 9). For {1, n) = (6, 5), constraint§43) and
(44) reduce to:

~z,H ~z,H ~z,H ~7,H ~72,H _ ~7,C ~z,C ~z,C ~z7,C ~z,C
9ij3 t4ija Y45 Y46 — dije = ij2 T 493 T 49ija T 4ij5 — dijs

But since(54) forceSq“f]fg to be zero because a heat exchanger does not staxtstthen:

Gijg + i+ +aj — e =i +ais + s + s

The above result states that the load of the first heat exchanger, calculated for the hot stream (left-hand side) is equal to the
same load calculated for the cold stream. When constr@B)sand(44) are applied to the second case in which, in is zero,
that is (n, n)=(8, 9), they render the cumulative load of both exchangers. Therefore, given that the load of the first exchanger
had been made consistent previously, the load of the second heat exchanger is consistent too.

In turn, constraint$49)—(56)limit g allowing it to be different from zero only at intervals when a heat exchanger ends and a
new one begins. For all other intervals, this variable is set to zero.

Constraintg47)and(48)are integer cuts that enforce the condition that a new heat exchanger can only start once the previous
one has ended. Notice that these constraints allow contiguous heat exchangers, where the ending of a preceding heat exchang
takes place in the same interval as the beginning of a subsequent unit.

Finally, constrain{46)is another integer cut enforcing the condition that at the cold-end of a heat exchanger the temperature
of the hot stream has to be greater than the temperature of the cold stream. Thus, c¢hSj@ietents temperature difference
infeasibilities in the cold-end of a heat exchandrég. 7 illustrates how this constraint works.
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K+ K + P+ K+ K + K2

il ij2 if3 ij4 ijs ij6

~(Rie+R£+R:E) 20

This equation, together with those
written for previous intervals, enforce
the condition that if a heat exchanger
for match (i,j) ends at interval n =3
in stream j then it must also end at an
interval before m = 6 in stream i.

e
B

Fig. 7. Integer cut for heat exchanger end whey) € B.
2.5. Flow rate consistency within heat exchangers

The next set of equations represents the consistency of flow rate within a heat exchanger, which state the condition that flov
rate passing through a heat exchanger is constant. None of the MILP formulations described previously in the Feratare (

& Sahinidis, 2002 consider using this condition explicitly, resulting in heat loads that are not uniformly distributed along the
temperature intervals. Thus, area calculations cannot be precisely carried out in those models. The reason for this is that most
these previous formulations were meant to be targeting devices, not necessarily design devices. As we shall see next, in our ne
formulation, the flow rate consistency allows for more precise area values (only exact if the number of temperature intervals is
sufficiently large).

Fig. 8illustrates a heat exchanger spanning intervals 3 through 8 for hot streathanging heat with cold streaginin
this case, intervals 3 and 8 are referred to as “extreme” intervals, while the remaining intervals (4 through 7) are denoted a
“exchanger-internal”.

Consider for a moment the case where only one exchanger is allowed for majcfilien, notice that for the exchanger-
internal intervals, the flow rate can be consistently determined as the ratio between the cumulative heat transfer, the he
capacity and the interval temperature range. On the other hand, for the extreme intervals (3 and 8) heat is being exchange
with some other cold stream(s) using the remaining portion of the interval. Thus, for extreme intervals the mentioned ratio
always underestimates the real flow rates because the real temperature range for heat exchange is smaller than the interval rar
Therefore, only inequality constraints can be written for extreme intervald-{ge8)

To distinguish whether an interval is “exchanger-internal” or not, a new variabls,defined as one, with the exception
being the first internal interval, which also receives the value of zero. This is needed to properly pose the flow rate consistenc
equations. This variable is declared as continuous but the following set of constraints forces it to take a value of one if the
interval is exchanger-internal and zero otherwise.

Definition of exchanger-internal intervals for hot streams:

2, H 2, H zZ- 4 Z H. z
Gim =1—= Ky — Kl]m 1 Z€ZymeM*ie H, NH} 1,]EP NPl iest;jecC (57)
z,H Z- v4 z H. z
Um_l K —Kl]ml zeZimeMSie HSNH, 1 jePEnPl _sies? jecC (58)
A 0 [
Cp)m( ]:5 ];f) Cpxm |( m-1" m | Cpim 7::/77:5 - Cpimfl T;:lr—l 77:11;4
[ | ] Heat exchanger | /I |
I e e \// I B
qmn Wn
o TL T i T *T,,L

Fig. 8. Flow rate consistency equations.
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oS > yelt gl gel g gel o cezZimeMie HLNH, jePEnpl_iest jec?  (59)

ijm = “ijm ijm ijm—1 ijm ijm—1 m

>0 zezZimeMieHSNH, ;jePEnpl siest; jec? (60)

ijm m im—1

H H ; : ; | z,H ~2,H 7z, H Z,H _ 4.
When the interval is exchanger-internal, (except the first mterK@lj’, Kiin—1> Kijm » Kijy—1 are zero andi’ijm =1;

hencepﬁtH is forced to be equal to one by constrai(fg), or (58) and(59). Conversely, for extreme intervals, at least one of
ijm q y Y
k&M kel gEHOREH il be equal to one and sindezi’,f = 1, the above equations fora%frf to zero. In the case of the

ijm > “ijm—1 Dijm > ijm—
first internal interval (as in interval 4 &fig. 8) Kf]fmfl =1, thenafjf,ﬁ’ will also be set to zero.

Using this definition fowrr, the flow rate consistency constraints for hot streams are given next. When splits are not allowed
for the particular stream a simplified set of equations is used to reduce the number of equations needed. In addition, when more
than one heat exchanger is allowed between the same pair of streams a different set of constraints is used that takes into accour
the variableg; described before. We present the flow rate consistency equations next. We first cover non-splits and only one
exchanger.

Flow rate consistency for hot streams in exchanger-internal inteniasst, (i, )  B:

~z,H ~72,H
9ijm ijm—1 o H . . oH. . _ pH H
< +A—0o;, )F;, zeZymeM ie H,NH. ;ieS";, jeC*jeP, NP, 4
Cpim (TmU - Tnl{) Cpim—l(T;g—l - TnI;—l) e " " : ”(n61)
~z,H ~7,H
q’{;” > q’{;”‘l — —(A-aiVF zeZimeMTie Hy NH, _yieS? jecs jePlnpl
Cpim (Tm - Tm Cpim—l(Tm—l - Tm—l) (62)

Whena =1, that is, the interval is exchanger-internal, then the two constraints render equality of flows between intervals
andm — 1. Conversely, when =0, which corresponds to end intervals, the first internal interval or to intervals in which heat
transfer between streamand; does not take place, then the above inequalities become ftrivial. Since the inequalities involve
two consecutive intervals, this explains wiys set to zero for the interval next to the beginning of the exchanger. For extreme
intervals, the following set of inequalities is needed to assure flow rate consistency.

Flow rate consistency for hot streams in extreme intervakssZ, (i, j) ¢ B:

~z7,H ~72,H
9ijm 9ijm—1 ~z, H rz, H 2 H
> —(A+K5,  + K5, — Koo )F
Coum(T = T5) ~ CPy_a(T 1 — Tk 1) ( =2 %Ki = Ki-2)F:
zeZimeMie HSNH, ;jePE NPl riesH, jec? G, j)¢ B (63)
EIZ,H aZ,H
ijm < ijm—1 + ]_+K.Z.’H —|—K-Z3H _ I"{;fH F.
Cpn(TY —T5) ~ Cpimfl(Tnaj—l - Trrszl) ( ym=t o i )
zeZimeM%ie HSNH, 1 jePE NPl _iies?; jec? G, j)¢ B (64)

Constraint(63) applies to the beginning (hot-end) of a heat exchanger while ineq&#4jyapplies to the end of a heat
exchanger (cold-end). Notice that the last term of the right-hand siqé3fvanishes when the end of a heat exchanger
occurs, rendering the desired inequality. The equation considers three cases. Firsl’,f]y,(fh@n: 1 andkf]ﬁn’f_l = f(,zj,f =0,

i.e. there are more internal intervals, th@3) renders the desired equality of flows. A similar thing happens at the end of

the exchanger by Equatigi®4). On the other hand, for an internal interval, both constraints become trivial. Notice these
constraints are always trivial for heat exchangers spanning less than three intervals, since there are not internal intervals in those
cases.

In the case where,(j) € B; this is, more than one heat exchanger is allowed between stiemmaig, an equivalent set of
constraints is defined which considers the possibility of having the beginning and the end of two different heat exchangers in
the same interval.
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Flow rate consistency for hot streams in extreme intervalssZ, (i, j) € B:

E]Z,H aZ,H
ijm - ijm—1 _ (1+ IA(Z?H + kggH _ K~Z3H ) F.
Cpim(Trgz] - Tr% B Cpim—l(Tnlzj—l - TnI;_l) ijm—1 i ijm—1 l
zeZimeMie HNH: 1 jePEnpPl iest; jeC? (i,j)eB (65)
E]Z,H aZ,H
ijm > im—1 - (2+ ReH _gel oyl ) F,
Cpim(Trgl] - Tr% B Cpim—l(Tnl{—l - TnI;_l) e jm—1 ijm—1 l
zeZimeMyieH,NH, 1 jePlnpPl _iest; jec? (i, j)eB (66)
~z,H _ ~z,H ~z,H
dijm — Dijm < 9ijm—1 n (2+ KoH  _ RRH Y-Z’H) F

ijm—1 ijm ijm

Cp(TY = TE) = Cpy (T — TE )

zeZimeMyieH,NH, 1 jePlnpPl _iiest; jec? (i, j)eB (67)
In this case, constrairf65) is valid when a heat exchanger begins (hot-end) at inteevall while constrain{66) is used
for the beginning interval when there is other exchanger ending in the interval as well. In turn, co@#gasvalid at the end
of a heat exchanger, regardless of whether one is following or not.
Although the sets of constrain(63)—(67)are valid in a general case, they can be simplified if splits are not allowed for
the corresponding hot stream. This is because when splits are not allowed for hot istileamthe flow rate calculated for

exchanger-internal intervals has to be equal to the actual stream flow rate. This condition is enforced using the following
constraints.

Flow rate consistency for hot streamg¢-S*:

Q> (Y,.j.;f — K5 - f(f,’,f) AHGT zezZymeMiieH (NHLNH, ;i¢ St jecsjert nPEnpl,

m
(68)
Constraini{68) enforces the heat flow to be equal to the enthalpy change for any internal interval. This is equivalent to set the
flow rate passing through the heat exchanger equal to the stream actual flow rate. In the casg jivbdréhe same concept

is applied but now two constraints are required sincetthiariables may take values greater than one.
Flow rate consistency constraints for cold streams are given next without further explanation.

Definition of exchanger-internal intervals for cold streanjs-S¢:

i <1—Kil — Ko, ze€ZineM® jeCiNCi_y;jeSSieHYie PG NPS (69)
o 1=Kl — Ko7, ze€ZineM® jeCiNCy_y;jeSSie HYie PO NPS (70)
o = YO — KGO —KoC — KEC—K5C ) zeZine MY jeCinCi_y;jeSCie HYie PN PG 4 (71)
o’ =0 zeZineM% jeCiNC:_y;jesCieHYie PSNPS (72)

Flow rate consistency for cold streams in exchanger-internal interyass<; (i, j) ¢ B:

~7,C ~z,C
Gijn dijn—1 ( z,C . C . . . c c
< + {1+ >F< ze€ZneM*; jeS jeCiNCyi_ieHYie P, NP, _4
ijn(T;lU - TnL) ijnfl(TnU_]_ — TnL—l) ijn J n n—1 jn jn
(73)
aZ,C éZ,C
ijn = ijn—1 . (1—0{Z’C> Fi zeZneMj §C- et z .. Z: c c
= ij J ) yJEO T, JE ﬂC_l,leH,lEP NP _4
ijn(TnU — TnL ijn—l(TnU—l - TnL—l) ijn n n jn jn

(74)
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Flow rate consistency for cold streams in extremes intervass<, (i, j) ¢ B:

~7,C ~z,C

oyt =7 = Sopry 7~ (W Ko K= K5 R

zeZine M5 (i j) ¢ B, jeSS jeCiNCi_y;ie HYie P N PS4 (75)
@fjf - Zlfjnc—l + (1+ K€ 4 g€ f(z,c) F

Cpyu(TY — TF) = Cpy, o (T — TE ) Gt i T i ) 5

zeZine M (i j) ¢ B, jeSC jeCiNCi_yie HYie P NP, 4 (76)

Flow rate consistency for cold streams in extreme intervalsS<, (i, j) € B:

ijn—1 ijn—1

~z,C ~7,C
9ijn Dijn—1 ( ~7,C 77,C z,C
> + (14 K5S , + K& —Kﬂ_)F‘
ijn(TnU - TnL) ijn—l(TnU—l - TnL—l) et o )
zeZine M5 (i, j)eB; jeSC, jeCiNCi_yie HYie PG N PS4 (77)
G i
ijn ijn—1 - (2+ ReC— k€, —yiC ) F;

>
ijn(TnU - TnL) B ijn—l(TnU—l - TnL—l)

z€Zine M% (i, j)eB; jeSC jeCiNCL_yie HYie PN PG, 4 (78)
~z,C ~z,C ~7,C
9ijn_— bijn Dijn—1 ( 2.C 2.C : c)
= 24+ K5 — K5 . —Y2 ) F;
Cpu(TY = TF) = Cp; 1 (T, — T ) TS Binma = Biinma = Y ) £
zeZine M5 (i, j)eB; jeSC, jeCiNCi_yie HYie PN PS4 (79)

Flow rate consistency for cold streamg¢-S¢:

ijn ijn ijn

I O S S N

z€Zine MY jeCi_1NCENCh,q;j ¢S j) ¢ Biic Hie P, 1N PGNP (80)

2.6. Temperature difference enforcing

Equations enforcing a temperature differercEy, are written at the beginning and end of a heat exchanger, which are
important in order to assure network feasibility. This condition is already guaranteed for exchanger-internal intervals because
of the shift of scales. However, for extreme intervals, it is necessary to include additional constraints.

Let us first examine the case where splits are not allowed, as shéwa B In this case, the minimum temperature difference
at each end of a heat exchanger is enforced by means of the depicted inequalities. Notice that these constraints are linear only
because when no splits are allowed, the flow rate passing through a heat exchanger is the total stream flow rate, which is a

mi1io2 4 5 6 8 i 9
] L
H ! L
~z,H ~z,C ~z H ~z,C
TL \ q,‘,’,"4 >TL , q_i/'nz U qijms >TU qi/'n7
my =4, T m; =%n
) F‘/'C'p[mJ F/Cp/nz H ! F}Cpirnx ’ F/'ijn7
ll— I I
v T 1

ni1i 2 i3i g4

Fig. 9. Temperature difference assurance when splits are not allowed.
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mi1. 2 i3i 4 51 6 7 i 8 i 9 110

~z,H ~z,C ~z,H ~z,C
qijnz < %‘ns qijm7 > qif”’s
(T, ~T,) " (T, -T)) | L@, =T (@, =T
)
-/
< i
nil 2 3 4 5 6 7 8 9

Fig. 10. Temperature difference assurance when splits are allowed.

parameter of the model. The constraints enforcing a minimum approach temperature for the case where splits are not allowe
are presented next.

Temperature feasibility constraints-S", j ¢ S¢:
~7,H ~z,C

b dm oppy T o gEH | giC)rU

" RCp, T " FiCp im = ijn

c€Zimne MET < T T) > Triic HyjeCliig ST, j ¢ SCie Pl je Py, (81)
U_ﬂ>TU—%—(2—IA@H_i{?zC)TU

"~ FCp, " FiCp, i — KT,

zeZimneMSTE < TV TV = Thiie Hy jeCoig 7 j ¢ SCiie PS; je Pl )

Note that the last term of the right-hand sid€&if) and(82) only vanishes when a heat exchanger starts or ends at overlapping
temperature intervals for the hot and cold streams, rendering the proper inequalities. In all other cases, the inequalities are trivis
Now consider the case where stream splits are permitted, as illustrdted i) Two different sets of constraints are defined
for cases where only one or multiple heat exchangers are permitted. The equations for cases ivgd@are presented first,
and then the correspondent to cases whigyfid B are given.

Temperature feasibility constraints-=S”, j € SC, (i, j) ¢ B:

KiC <2 k3H _ k&€

ijn — ijm ijn
ceZimneMyieSt, jesC; Tl <1V TV > TL i HY, mH,;H;jec;mc;H;ierC,,mPﬁHl;jeP{j,m iy
(83)
~z,C ~z7,C
Qijn - dijn+1

— U L
TnL{ - TnL Tn+1 - Tn+1 Cp/”""l

ijn AHZ"C

+@- K3 - k5O —
ijm ijn Tn%/ _ TnL

zeZimneMiest; jesS; Tk <1V, 1V > T,ﬁ;ieH,;ﬂHZH;jeCﬁﬂCﬁH;iePﬁﬁPﬁ+1;jePiZﬂPiﬁ+l

m
(84)
~7,C ~z,C ., H
Dijm N @— k3" — k56 AH;
; . — U L ij iji U L
Min {Tnl{, TnU} - Trﬁ Tm+1 - Tm+1 Chim1 o o Thia— T

ceZimneMyiest jesC; Tl <1V TV > T,ﬁ;ieH,flﬂH,;H;jeCiOC2+1;iePﬁlﬂPj€l+1;jePiI,flﬂ iy

(85)
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H >z, H 7z,C
Kizjm =2- Kizjm - Kizjn
zeZimneMsies?; jeSC T < TV TV > Thie HSNHY 11 jeCE mcgﬂ;iepﬁl N PJ€1+1;jeP,.7n nel.,
(86)
~7,H ~z,H H
qum qum—l Cpim + (2_ IA(?TH _ k;ZC) AHtZrh
Tnﬁj - TnL B T,f,],l - Tn%,1 Cpim—l v 1 Tnli/ - TnL

zezimneMsieSt; jeSO T < T TV > Thie Hy N HE, 1 jeCiNCE i€ P NP g je PN Pl
(87)
~7,C ~7,C z,H
Dijn o i1 Cpjn L2 ke RO AHj "
TV —=Max{TL T}~ T,y = T, CPjus R

zeZmneMyieSt; jesC, Tk < 1YY > TL:ie HY N H?

. b4 z . C c .. H H
m? erl']eCnmcn«kl’lepjnmP./'n-i-l’]ePimm im+1

(88)

Note that(83)—(85)and(86)—(88)are written only for overlapping pairs of intervals whéie < TV; TV > TL. When the
temperature intervals overlap but do not represent the beginning (hot-end) of a heat exchanger, cg83)eBbecome
trivial since the last terms of the right-hand sides are positive. Consider first the casepwdrede correspond to the hot-end
of a heat exchanger at overlapping intervals. In such dasré" = k%% = 1 and thus the last term of the right-hand side of

yn

Equationg83)—(85)vanishes, giving the following set of constraints:

~2,C ~2.C Sz H 2 H
K-Z-’C 0 qlzjn < qz;jn-i-l ijn i qlzjm . qum+l Cpim
T = T T T = Ty CPjsa MIn{ T T} — T8 ™ Ty = Toys CPinsa

The first of these inequalities forbids that the cold-end of the heat exchanger for the cold stream be located at the same
temperature interval than the hot-end. In turn, the second inequality forces the hot-end temperature of the cold stream to be
lower than the upper temperature limit of the hot-end interval for the hot stream. Indeed,

~z,C ~z,C ~z,C ~z,C
9ijn < qijn—i—l ijn = TL < TU Gijn ijn+1 (TU TL ) . TU 9ijn
U_TL — U L n ="*m = ZC n+1 " dn+l) = Im T

Tm Tn Tn+1 - Tn+1 ijn—HI. qunﬂ ijn ijn

Finally, the third inequality forces the hot-end temperature of the hot stream to be larger tHa}y MilY }. Fig. 1lillustrates
the two possible cases for MifiY’; TV }. Indeed,

a?:H 21.1211 1 Cp ZI?zH Cp
ijm - ijm+ im = TL + ijm im+1 (TU _ TL ) - Min{TU. TU}
. . = -~ 1 1) = ’
MIn{TmU’ TnU} - Trﬁ Tnl1/+1 - T;£+l Cpim+1 " q?jn?—i—l Cpim mE mt meon
mo2 3 4 506 mo2 3 456
R AN g AN o
Minfr 57V =1 | Minr =1 |
: :
s L s
> 7\ <« | G
niil 2 i3%i 4 i5 nilti 2 {3%i 4 5

Fig. 11. Temperature difference assurance at the hot-end of an excharg§¥-+< S, (i, /) ¢ B.
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~2,H
or, equivalently Tt + (‘éfg;" = Min{TY; TV}. The temperature differences at the exchanger cold-end (cons{@6i£88) is
enforced in an equivalent manner.
We now present the equations corresponding to more than one exchanger

Temperature feasibility constraints-=S”, j € €, (i, j) € B:

K¥C < 14 y2C _ guH _ g€

ijn — ijn ijm ijn

zezZimneMsieSt; jeSO T < T TV > Thie Hy N HY 1 jeCiNC i€ PS NP i je P NPl

+1
(89)
~7,C ~7,C z,C
qujn . < qujn+lL ijn + (1+ Yizj,nC _ Klz],nI;I _ Klzj,nc) ?]Hjn .
Tm - Tn Tn+1 - Tn+1 ijn+l Tm - Tn

ze€ZimneMyieS jeSO T < T TV > Thie Hy N HE 1 jeCENCe i€ PN PS g je P NPT

(90)
~7,C ~z,C ,C
ql;j" < q?/'”“‘l Cp/” 4 (2 _ KZ,H _ KZ,C) AH?"
Ty =15 7 Tk — T CPinst e =T
ceZimneMieSt jesCTE < TV TV > Thiie Hy NH, 1 jeCiNCY i€ PSNPS 1 je PR APl
(91)
~z,H ~72,H ' H
Giim o dijm+1 Cpin, o guH _ gaC AH;
Min{TU:-TUY — TL = TU L C _(_ ijm ijn) U L
ML, 1)Y= Ty = Ty — T CPimst L1 = Thga
zezZimneMieS?; jesSO T < T TV > Thie HYNH, 15 jeCiNCi_yie PGNP 4 je Pl NPl 4
(92)
' H H 7, H 7>2,C
Klzjm =1+ Yizjm - Kizjm - Kizjn
zeZimneMieS" jeSO T < T TV > Thie HYNH, 15 jeCiNCi_yie PGNP 4 jePi NPl
(93)
~7,H ~7,H ~7,H JH
qlzlm — qlzlm < q?jm_l Cplm + (2 _ IA(Z,H . kZ,C) AI_Ilzm
Tn’i/ - TnL N Tnlljfl - T,ﬁ,l Cpim—l v o1 Tr1l1/ - TnL
zezZimneMyieSt; jeSO T < T TV > Thie Hy N H, 3, jeCiNCi_yie P NP 1 jePlinPl g
(94)
~z,H ~7,H ~z,C z,C
qz;jm - qz;jm < qijnfl ijn _ (2_ I"(Z,H _ I"{z,C) AI_Ijnfl
TV —Max{TL, TF}y — 1Y, — L, Cpjq R SIS

zeZimneMieS" jeSO T < T TV > Thie HYNH, 15 jeCiNCi_y;ie PGNP 4 jePi NPl
(95)
2.7. Heat exchanger area calculation

This section describes a series of constraints that are used to estimate the heat exchanger area required to perform the h
transfer of any stream match. When only one heat exchanger is permitted between sapdjnshe required heat transfer
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area is simply calculated as:

=2

meM; peNGTE<TY
]EPHIEPC

qu,jn(him + hjn)

€Z,iecH* jeC% (i, ))eP 96
ATV fo i ZE€Zi j @ ) (96)

In the case where multiple heat exchangers between streantsj are permitted, the previous equation gives the total
required area for the match, §), that is, the summation of the areas of all exchangers placed for the match. However, the
designer wants to know the area required for each individual exchanger. This is facilitated by the following set of constraints.

b4 k—1
~ak (Qil,jn_ zl]n) (h11+hjn) Zh z >z H .k
le M7, ¢ N2 - ol h=1
=y
]EPZ»[;
zerCn
z€Z;meMieHY, jeC% je ,m,(z NeEB k=1, ...  kmax—1 (97)
~7 k—1
2.k (qll jn 4 il,/")'(hil-’_h/'”) z,h z z,H z.k
Aij = Z Z [ TML hi o hs _ZA _Az]max(z Kl]m _Gl]m)
1€ M e e I il n h=1
I<m TL TU
jerH
ieP§
z€Z;meMticeH,, jeC%je lm,(l NeBk=1,...  kmax— 1 (98)
ATk s a4n N7 A ZimeM%ie H:; jeCy Bik=1, ... kmax—1 99
ij = Ay Z ij VAS] me i€ ,]G ]G lm’(l ])G = max ( )
kmax
YoheGim= > KyT+1-Yil zezZimeMiieH; jeCje Pl j)eBik=1 ... kmax—1 (100)
le MSil<m
jeprH
> G =G z€ZimeMiicH,; jeChje PG )eBik =1 kmax—1 (101)
nenN; TE<TY
jGP[ZlEP/C,;
‘Ii'm,jnqum,jn z€Z,meM*ieH,,;, jeCsje lm,(z NEBk=1,... kmax—1 (102)

Using these constraints, the area of thth heat exchanger is calculated by subtracting the area of the previeds
exchangers to the total accumulated area until the end of-theexchanger. To do that, a parameter defining the maximum

number of heat exchangers allowed per matgh) is required. Additionally, new binary variable@fgf,ﬁ) are introduced to
determine which exchanger is present at a certain temperature interval. In this context, Whenef(éf,ﬁ(Z— Gf]f,i) equals
zero, constraint§97) and (98) allow the determination of the required area for #th heat exchanger. On the other hand,
when (2— Kfj,f — Gf],’fl) > 0, these two constraints become trivial. An example showing the values of this term is presented
in Fig. 12

For a maximum of two exchangers, the equations determining the vaIuéSZ ipfand Gf]f, are ij,}l +2ij,§ =
2leMiizmije PH KU, +1- Y3 Thus, for the first five intervals, we ha jm + 2GZ 2 — 1, which forcestﬂi =0 and

ym ijm
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m. 1 2 3 4 5 6 7 8 9 10
—( O )— >
G! 1 1 1 1 1 1 0 0 0 0
G’ 0 0 0 0 0 1 1 1 1 1
2 R-G' ] 1 1 1 1 0 2 2 2 2
I E 2 2 2 2 1 1 0 1 1

Fig. 12. Area computation whe {) € B.

z,H z,1
ijm Gijm

ijnﬁ = 1. Ininterval 6, we have}fjjl + Zijt,fl = 2, which forces(;fjt,}i =0 andejfn% =1.Asaresult, (2- K )=0

form=6and (2— IA(fm’f - Gf;j,) = 0 for m=8. Thus, defining the proper interval limits to define the areas of the exchangers.
In order to account appropriately for the heat load of each exchanger, new vaﬁﬁhlg,g are defined in equatiof101)

in relation to the variables previously introduced to preserve heat transfer consis;@;j’oy Finally, notice that the set of

constraintg97)—(102)is only written for hot stream intervals. An equivalent set could be defined for the cold streams that would

give the same results, since only one set suffices for the purposes of area computation. One chooses the set with smallest num

of intervals.

2.8. Number of shells

In practice, only a limited amount of area can be packed in a single exchanger shell. The number of shells is defined througl
an integer variablel(fj). Thus, the following constraints need to be added to count the number of shells necessary to perform
the resulting heat transfer. The first equation applies wheng B, while constrain(103)is used wheni(j) € B.

Maximum shell area:

A < AfmaxU5; z€Zjie HY jeCY i, )e P, j) ¢ B (103)
AFN < A5 US" e Ziie HY jeCh (i j)ePi(i ) ¢ B (104)

Notice that since a fixed-charge cost is associated with the number of shells in the objective function, the optimal solution
will naturally tend to driveUfj to a minimum.

2.9. Objective function

Finally, the objective for the formulation is to minimize the annualized total cost, which includes both operative and capital
cost. The expression for the total annual cost is:

Mincost =Y 3" ST HFEAT + Y ST ST SFECAT + 30N ST (@ fUh + A

Z i€ HU® jeC* Z jeCUW* ie H® z ieH* jeC*
7 i) ePp 1
@jep @.J) (.yep (.))¢B

292D D (U AT (105)
k

z ie H* jecs
@peb (i.j)eB
We use a linear expression to approximate the cost of a heat exchanger, as opposed to the traditional concave expressit
This is a simplifying assumption that does not affect the validity of the results as we show below.
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3. Examples

We now present a series of results obtained with the proposed formulation for a variety of examples found in the literature.
We simply show in each subsection a set of tables containing the data and the results with a figure showing the final network.
The model was coded in GAMS and solved with CPLEX 7.0 using default options. The optimization times that are reported
correspond to runs performed in a PC with a 1.0 GHz processor and 2.0 Gb of ram memory.

3.1. Problem 451

This problem consisting of two cold and two hot process streams, one cooling and one heating utility was reported in
Shenoy (1995)The problem was solved using two heat transfer zones, defined by the pinch temperature resulting of enforcing
a minimum temperature difference of 20. The resulting network has a minimum number of units and is close to minimum
area. We report actual areas. To illustrate the assertion made above that the linear approximation does not introduce large error
we illustrate in differences between the real cost formula and its linear approximations. In the range of interest (values above
20), the differences are smaller than 3%. As errors in the values of heat transfer coefficients can be of the same size, we conclude
that this is as far as one will ever be able to go, short of including the detailed exchanger design procedure into the model. This
situation is the same for the rest of the examplebles 1-4Figs. 13 and 1)

3.2. Problem 75P4
This problem, taken fronPapoulias and Grossmann (198&)nsists of six hot and one cold process streams, one cooling

and one heating utility. The problem was solved using two heat transfer zones defined by the pinch temperature corresponding
to a ATmin of 20°C (Tables 5-8Fig. 15.

Table 1

Cost data for problem 4S1

Cost data

HE cost formula (K$) 10+0.4°8

Linear formula ($/year) 5291.9+ 7749

Plant life (Year) 5

ROR (%) 10

Annual factor (Year?) 0.3221

Table 2

Stream data for problem 4S1

Stream F (tonnes/h) Cp (kJ/kg-C) Tin (°C) Tout (°C) H (MJ/h-n?-C) 0 (MJ/h)
11 10.0 1.0 1750 450 0.2 13000
12 400 1.0 1250 650 0.2 24000
13 6050 1.0 1800 1790 0.2 6050
Ji 200 1.0 200 1550 0.2 27000
J2 150 1.0 400 1120 0.2 10800
J3 525 1.0 150 250 0.2 5250
ATmin=20°C.

Table 3

Resulting HEN for problem 4S1

HE Load (MJ/h) Area ()
1 3950 998
2 1050 484
3 6050 1602
4 2750 774
5 5250 109
6 17000 5514
7 7000 3124

13587
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Table 4
Model statistics for problem 4S1

Model statistics

Single variables 381
Discrete variables 61
Single equations 1012
Non-zero elements 3202
Time to reach a feasible solution (s) 1
Time to reach global optimality (s) 2
Optimality gap at first feasible solution (%) .96
B andB nodes to first feasible solution 42
B andB nodes to reach global optimality 112
100

90

80

704

60

50

40

304

20

[ ]
104
0 T .
0 100 200 300

Fig. 13. Comparison between actual and linearized costs.

The resulting network structure is different from the one originally reported by the authors, mainly because they used the
classical transshipment model to determine the minimum number of units and then found a network using the resulting matche
and heat loads, but without any consideration on the area requirements. Our model not only finds a design with minimum numbe
of units, even though the matches are different, but also with minimum area, thus minimizing the total cost.

L}
395 105 ' 275 525
O 0= L o -
175° 10 135.5° 125° 4 97.5° 45°
H 1700
' 28.33 °
1 700
125° 440 ° ™ 50
H 11.67
605 '
L}
180° 605 179° '
L}
]
L}
L}
- 1]
155° ° 124.75° o 105° 4 ° 20 20°
605 395 ' 1700
' ° 4.23
L}
- e '
1120 1050: 275 o 15 40°
1540 ' 10.77
H 700
L}
L}
1
L}

25° o 525 15°

525

Fig. 14. Final heat exchanger network for problem 4S1.
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Table 5

Cost data for problem 7SP4

Cost data

HE cost formula (K$) 10+0.4°8

Linear formula ($/year) 5291.9+77 .49

Plant life (Year) 5

ROR (%) 10

Annual factor (Year?) 0.3221

Table 6

Stream data for problem 7SP4

Stream F (tonnes/h) Cp (KJ/kg-C) Tin (°C) Tout (°C) H (MJ/h-n?-C) Q (MJ/h)
11 15.0 1.0 6750 1500 0.2 787500
12 11.0 1.0 5900 4500 0.2 154000
13 4.5 1.0 5400 1150 0.2 191250
14 60.0 1.0 4300 3450 0.2 510000
15 120 1.0 4000 1000 0.2 360000
16 1250 1.0 3000 2300 0.2 875000
17 83900 1.0 8010 8000 0.2 839000
J1 470 1.0 600 7100 0.2 305500
J2 1103 1.0 800 1400 0.2 661750
ATmin=20°C.

3.3. Problem 10SP1

This problem consisting of five cold and five hot process streams, one cooling and one heating utility was reQanea in
(1980) Papoulias and Grossmann (198R)e problem was solved using only one heat transfer zone and a minimum temperature
difference of 10C (Tables 9-12Fig. 16).

For the same reasons discussed in example 7SP4, the resulting matches and network structure are different from those
originally reported by the authors. Our network features minimum number of units and a total area close to the global minimum.

Table 7

Resulting HEN for problem 7SP4

HE Load (MJ/h) Area (1)
1 36750 6760
2 15400 2669
3 4950 1359
4 83900 5114
5 42000 9024
6 14175 4097
7 51000 10273
8 36000 3374
9 21325 3931

10 66175 4271

50871

Table 8

Model statistics for problem 7SP4

Model statistics

Single variables 1106

Discrete variables 147

Single equations 2620

Non-zero elements 9348

Time to reach a feasible solution (s) 10

Time to reach global optimality (s) 60

Optimality gap at first feasible solution (%) .5

B andB nodes to feasibility 39

B andB nodes to reach global optimality 1430
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Fig. 15. Final heat exchanger network for problem 7SP4.
3.4. Problem EXI

This problem was taken froi@undersen and Grossmann (198@p consists of two cold and three hot process streams,
one cooling and one heating utility. The problem was solved using two heat transfer zones, defined by the pinch temperatur

Table 9

Cost data for problem 10SP1

Cost data

HE cost formula (K$) 10+0.4°8

Linear formula ($/year) 5291.9+ 7749

Plant life (Year) 5

ROR (%) 10

Annual factor (Year?) 0.3221

Table 10

Stream data for problem 10SP1

Stream F (tonnes/h) Cp (KJ/kg-C) Tin (°C) Tout (°C) H (MJ/h-n?-C) 0 (MJ/h)
11 8.790 1.0 160 930 0.2 58893
12 10.540 1.0 2490 1380 0.2 11694
13 14.770 1.0 220 66.0 0.2 237797
14 12560 1.0 2710 1490 0.2 153232
15 17.730 1.0 1990 660 0.2 235809
Ji 7620 1.0 600 16Q0 0.2 76200
J2 6080 1.0 116 2220 0.2 64448
J3 8440 1.0 380 2210 0.2 154452
J4 17280 1.0 820 1770 0.2 164160
J5 13900 1.0 930 2050 0.2 155680
J6 42678 1.0 380 820 0.2 187785

ATmin=10°C.
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Table 11

Resulting HEN for problem 10SP1

HE Load (MJ/h) Area (rf)
1 5889 1099
2 6445 2640
3 5255 1181
4 16416 3964
5 7364 2388
6 5010 846
7 10313 2633
8 7620 1468
9 4546 1422

10 11415 3064

20704

resulting from a minimum temperature difference of°@ In addition, non-isothermal split mixing was permitted in this
example. The resulting network structure is similar to that reported by the authors as global optimum, but the split flow rates
and outlet temperatures are different due to the ability of our MILP model to approach optimality (the authors originally solved
the problem using a non-linear formulation). Consequently, the network obtained with our new methodology has lower total
area and cost, proving that the solution reported previously is not opfitaklgs 13—16Fig. 17).

Table 12
Model statistics for problem 10SP1

Model statistics

Single variables 1428

Discrete variables 245

Single equations 3711

Non-zero elements 12352

Time to reach a feasible solution (s) 40

Time to reach global optimality (s) 260

Optimality gap at first feasible solution (%) .’

B andB nodes to first feasible solution 311

B andB nodes to reach global optimality 2149

Table 13

Cost data for problem EX1

Cost data

HE cost formula (K$) 8.6+0.64°-83

Linear formula ($/year) 8153.9+ 6145

Plant life (Year) 5

ROR (%) 10

Annual factor (Year?) 0.3221

Table 14

Stream data for problem EX1

Stream F (tonnes/h) Cp (KJ/kg-C) Tin (°C) Tout (°C) H (MJ/h-n?-C) 0 (MJ/h)
11 22850 10 1590 770 0.40 187370
12 20.40 10 2670 880 0.30 36516
13 53.80 10 3430 900 0.25 136114
14 10645 10000 3760 3759 100 106452
Ji 9330 10 260 1270 0.15 94233
J2 19610 10 1180 2650 0.50 288267
J3 55968 10 150 300 0.60 83952

ATmin=10°C.
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Fig. 16. Final heat exchanger network for problem 10SP1.

3.5. Problem EX2

This problem was taken frolagajewicz, Rodera, & Savelski (200&)d consists of two cold and three hot process streams
and one heating utility. The problem was solved using a single heat transfer zone and a minimum temperature difference o
10°C. In addition, non-isothermal split mixing was permitted in this example. This example has the interesting property that a
network with minimum number of units predicted by the traditional transshipment formul&apo(lias & Grossmann, 1983
is infeasible Tables 17-20Fig. 18.

Table 15

Resulting HEN for problem EX1

HE Load (MJ/h) Area ()
1 22032 4256
2 98992 12586
3 106452 2345
4 42627 9589
5 60791 22694
6 83952 4836
7 14484 4071
8 37122 9593

6997.0
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Fig. 17. Final heat exchanger network for problem EX1.
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Fig. 18. Final heat exchanger network for problem EX2.
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Table 16
Model statistics for problem EX1

Model statistics

Single variables 1151
Discrete variables 154
Single equations 2704
Non-zero elements 10065
Time to reach feasibility (s) 10
Time to reach global optimality (s) 70
Optimality gap at first feasible solution (%) a
B andB nodes to feasibility 124
B andB nodes to reach global optimality 1639
Table 17

Cost data for problem EX2

Cost data

HE cost formula (K$) 10+04°8

Linear formula ($/year)
Plant life (year)

ROR (%)

Annual factor (Year?)

9498.8 +58.85
5

10

0.3221

Table 18

Stream data for problem EX2

Stream FCp TiN Tout H Hot/cold 0

11 18600 10000 3000 040 1 13020

12 16800 7500 3000 040 1 7560

13 24.00 5000 3000 040 1 480

14 378000 18000 17900 040 1 3780

Ji 21000 2000 10000 040 0 16800

J2 8400 2000 7500 040 0 4620

J3 8400 2000 4000 040 0 1680

J4 6400 4000 6719 040 0 1740

ATmin=10°C.

Table 19

Resulting HEN for problem EX2

HE Load (MJ/h) Area (1)

1 3570 126%

2 5670 26578

3 8400 2281

4 12000 8230

5 17400 10660

6 37800 18900

7 37800 18900

8 4800 2400

9 37800 2142
10018

4. Limitations of the model and future work

This is a model based on a transportation/transshipment scheme that requires partitioning streams in intervals. It is therefor
easy to predict that the result will depend in some way on the number of intervals each stream is divided and the pattern o
such intervals. Conceivably, as the number of intervals is increased, the results will reach some asymptotic pattern of exchanc
network and corresponding areas. After we obtained the results shown above, we solved the problem for different number o
intervals.Table 21shows the statistics for different number of intervals. The runs render the same network topology with the

same loads.
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Table 20
Statistics for problem EX2

Model statistics

Single variables 1197
Discrete variables 180
Single equations 2684
Non-zero elements 13596
Time to reach feasibility (s) 20
Time to reach global optimality (s) 200
Optimality gap at first feasible solution (%) A
B andB nodes to feasibility 306
B andB nodes to reach global optimality 5324

Table 21
Model statistics for problem 4S1

Number of intervals 26 56 112

Single variables 396 994 2650

Discrete variables 71 139 268

Single equations 1079 2479 10399
Non-zero elements 3175 8359 20719
Time to reach optimality @ (0% gap) (s) 20 81 1657

Total area 13756 137985 136397

A second issue of concern is that real costs cannot be incorporated because of the linearity in the approximation of the
heat exchanger costs. Thus, costs can be over or underestimated in different portions of the area range. Aside from intro-
ducing a truly non-linear (usually concave) objective function, one can overcome this limitation by introducing piece-wise
linear functions that can be modeled using special ordered sets (in GAMS). We have not experimented with this, in the
believe that the cost equations already carry an inherent uncertainty that makes it focusing on this issue rather fruitless.
Rather, we think, the issue should be handled by truly designing under cost uncertainty, an effort that belongs to our future
work.

Combinatorial complexity, that is, the increasing number of binary variables needed when the number of intervals is
increased, as well as when the problems are larger (with more streams) is of concern. In future work, we will address this
limitation.

Another minor limitation, this time related to implementation, is that specific exchanger minimum approximation temperature
(EMAT) values cannot be easily imposed, unless the stream temperature partition is done carefully. Indeed, if EMAT values are
to be imposed, then one needs to make these partitions, multiple of EMAT, so that specific exchanges between intervals can be
excluded from the model. However, EMAT constraints (together with the use of the heat recovery approximation temperature,
HRAT) have been proposed to be able to control the trade off between area and energy costs. Given the capabilities of the presen
model to actually assess automatically this trade off, we see no reason why EMAT constraints are really needed. Nevertheless,
they can be incorporated.

5. Conclusions

A newly developed MILP model for grassroots design and retrofit of heat exchanger networks was presented in this article.
The use of a special transshipment/transportation structure and the strategic definition of binary variables allow the model to
incorporate most of the features that have been identified as shortcomings of previous formulations. The model can handle
stream splitting, by-passes, non-isothermal mixing and is capable of counting units, even shells, a capability that allows good
cost assessment. The key elements of the model are flow rate consistency constraints that can help handle splitting situations
In addition, especial constraints can “count” heat exchanger shells. The one-step MILP structure of the model constitutes a
major conceptual advantage. Additionally, the model easily allows design flexibility if, in fact, the user wants to actively interact
during the design stage. This is achieved by fixing, allowing or forbidding topologies using the binary variables that define the
heat exchanger network structure. Finally, several examples have been presented that illustrate the power and potential of this
new formulation to obtain cost-optimal networks. Some advances can be made to improve this model, as pointed out in Section
4 are left for future work.
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