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Abstract

In this paper, a recursive strategy is applied to identify gross errors (biases and leaks) and estimate their magnitude in linear
steady state processes. A recursive search scheme is used first to isolate the candidate sources of gross errors and then
simultaneous identification/estimation of gross errors is accomplished. A recently proposed equivalency theory is used to correctly
assess results. Comparative studies of performance and accuracy of estimation are performed for some process networks when
compared to existing techniques. Simulation results show that the proposed approach has higher performance to identify gross
errors as well as to estimate their magnitudes. © 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Instrument readings in process plants do not obey
basic conservation laws and one has to perform data
reconciliation to obtain process variable estimates. Typ-
ically, steady state data reconciliation results are cor-
rupted by the presence of biased instruments and leaks,
as well as departures from steady state. The latter have
been traditionally lumped into variance estimate proce-
dures, while the former are the object of this paper. The
accuracy of the data and the quality of the information
are related to the algorithm used as well as the sensor
network to filter these disturbances appropriately.
Therefore, since the onset of the field of data reconcili-
ation in process plants, the issue of detection of gross
errors has received central attention. Not only it is
desired to have the proper location of gross errors, but
it is also advantageous to have an estimate of its size.
The former helps instrument maintenance in the case of
biases and process monitoring in the case of leaks. The
latter constitutes valuable information for production
accounting.

There are several statistical tests that have been
proposed to perform detection of gross error candi-
dates. The most widely used are the global test (Reilly
& Carpani, 1963), the measurement test (Mah &
Tamhane, 1982; Crowe, Garcı́a Campos & Hrymak,
1983), the nodal test (Reilly & Carpani, 1963; Mah,
Stanley & Downing, 1976), the generalized likelihood
ratio (GLR) (Narasimhan & Mah, 1987), Bonferroni
tests (Rollins & Davis, 1992), and the principal compo-
nent test (PCT) (Tong & Crowe, 1995), among others.
Three kinds of strategies have been developed in identi-
fying multiple gross errors: serial elimination (Ripps,
1965; Serth & Hennan, 1986; Rosenberg, Mah & Ior-
dache, 1987) which identifies one gross error at time
using some test statistic and eliminates the correspond-
ing measurement until no gross error is detected; serial
compensation (Narasimhan & Mah, 1987) which iden-
tifies the gross error and its size, compensates the
measurement and continues until no error is found;
simultaneous or collective compensation (Keller,
Dorouach & Karzala, 1994; Kim, Kang, Park & Edgar,
1997; Sánchez & Romagnoli, 1994), which propose the
estimation of all gross errors simultaneously. In addi-
tion, Bagajewicz and Jiang (1998) proposed a collective
compensation strategy for dynamic systems that can be
used for steady state cases. Finally the unbiased estima-
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tion technique (UBET) proposed by Rollins and Davis
(1992) makes the identification first and then a simulta-
neous estimation.

Many researchers have evaluated the performance of
these approaches. Serial elimination is simple but has
the drawback of losing redundancy and not applicable
to gross errors which are not directly associated with
measurements, for instance leaks (Mah, 1990). Serial
compensation is applicable to all types of gross errors
and can maintain redundancy during the procedure but
its results are completely dependant on the accuracy of
estimation for the size of gross errors (Rollins & Davis,
1992).

Serial elimination methods can in principle be used to
perform gross error estimation. Once all measurements
containing gross errors are eliminated, the resulting
ones can be used to calculate the variables correspond-
ing to the eliminated measurements. This strategy may
not always be successful, as the variables corresponding
to the eliminated measurements can become unobserv-
able. In addition, for those cases where all variables
corresponding to eliminated measurements can be cal-
culated, the loss of redundancy deteriorates the preci-
sion of the estimates. For this reason, attention is
shifting towards methods that are capable of preserving
redundancy, such as the serial compensation or simulta-
neous/collective compensation methods.

This paper builds up on a recently proposed method
for simultaneous estimation of gross errors (SEGE)
(Sánchez & Romagnoli, 1994; Sánchez, 1996). This
strategy was developed for systems with all redundant
variables. In the first stage of the procedure, a set of
units and measurements suspected of leaks and bias is
constructed using the global test. Then all combinations
of measurement biases and process leaks from this
subset are considered. Gross errors sizes are estimated
simultaneously for each combination. In this paper the
strategy is extended to consider the case where unmea-
sured variables are present. In addition, the Gross error
equivalency theory recently developed by Bagajewicz
and Jiang (1998) is used to identify equivalent sets and
avoid singularities present in the original strategy.
Comparisons to other methods are also included.

2. Recursive search scheme with simultaneous bias/leak
estimation

We first review the SEGE strategy, first proposed by
Sánchez and Romagnoli (1994). Consider the measure-
ment model in the absence of gross errors:

y=x+o (1)

and its corresponding steady state data reconciliation
problem

min (y−x)TC−1(y−x)

s.t.

Ax=0 (2)

where x is the (z×1) vector of true values of the
variables, y is the (z×1) vector of measurements and o

is the (z×1) vector of random errors. It is assumed
that o:Nz(0, C). A is the (m×z) constraint matrix.

In this formulation, all variables are assumed to be
measured and redundant. The estimate of x is given by:

x̂=y−CAT(ACAT)−1Ay (3)

and the variance–covariance matrix of x̂ is a (z×z)
matrix Sc defined by:

Sc=C−CAT(ACAT)−1AC (4)

(Mikhail, 1978; Madron, 1992).
By rearranging terms, Eq. (3) can be rewritten as

follows:

x̂= (C−CAT(ACAT)−1AC)C−1y (5)

x̂=ScC
−1y (6)

As it can be seen from Eq. (6), the effect of including a
set of constraints is reflected only in matrix Sc. The
(z×1) vector of measurement adjustments ô is

ô= (y− x̂)=CAT(ACAT)−1Ay (7)

which follows a multivariate normal distribution with
zero mean and a (z×z) variance–covariance matrix V

V=ATC(ACAT)−1AC (8)

Furthermore, the objective function value of the least
square estimation problem (2), ofv= ôTC−1ô, has a
central chi-square distribution with a number of degrees
of freedom equal to the rank of A.

If the presence of gross errors in the proposed mea-
surement and constraint models is investigated, a col-
lective hypothesis statistical test can be initially applied.
A statistical test based on the vector of measurement
adjustments ô is selected. The null and alternative hy-
potheses are stated as follows: H0=E(ô)=0; H1=
E(ô)"0. The global test statistic ôTC−1ô is used to
compare both alternatives. Thus an appropriate a level
test is to reject H0 in favor of H1, iff

ôTC−1ô]xg,a
2 (9)

where xg,a
2 is the upper (100a)th percentile of the xg

2

with g=rank(A).
If H0 is rejected, a subset of equations with gross

errors is isolated by the recursive search scheme out-
lined by Romagnoli (1983), using the global test. From
these equations, a list of candidate biases and leaks is
constructed. Then, all possible combinations of biases
or biases and leaks from this subset are analyzed and
included in a model that allows their estimation.
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2.1. First stage

The objective of this stage is to isolate a subset of
constraints that do not pass the global test. Let us
suppose that an initial data reconciliation problem has
been resolved using a subset of process constraints
Gx=0, where G is a (w×z) matrix with wBm. The
variance–covariance matrix of x̂ for this case is

Sc
old=C−CGT(GCGT)−1GC (10)

If an equation or a set of equations, represented by a
matrix Bi, is added to the set of constraints, then the
process model is now represented by�Bi

A
n

x=Bx=0 (11)

The variance–covariance matrix of x̂ for the new case
is by definition

Sc
new=C−CBT(BCBT)−1BC (12)

It is desired to express the matrix Sc
new in terms of the

set of added process constraints Bi and the variance–
covariance matrix for the old case Sc

old. This is given by:

Sc
new=Sc

old−Sc
oldBi

T(BiSc
oldBi

T)−1BiSc
old (13)

The derivation of this expression is included in Ap-
pendix A. In addition, the vector x̂ for the new case is
calculated as

x̂=Sc
newC−1y (14)

Eqs. (13) and (14) have the advantage that only the
reciprocal of the scalar (BiSc

oldBi
T) has to be computed

in each application of (14) when only one equation is
added to the set of process constraints, that is, when
matrix Bi is of dimension (1×z).

Previous developments are applied to isolate the
sources of gross errors for a given set of process
constraints. Equations are added one by one to the
least square estimation problem of x. After each addi-
tion, the objective function of the least square estima-
tion technique is calculated and compared with the
critical value tc. After incorporating an equation, the
following is checked
� If ofv\tc, gross errors are detected, so the last

equation is eliminated from the system of equations.
All the measurements involved in the constraint and
a leak from the corresponding node are added to the
list of suspected gross errors.

� If ofv=tc, gross errors are not detected after the
addition of the constraint, and the constraint re-
mains in the set.
It is well known that the objective function can also

be obtained directly from the vector of equations’ resid-
uals r through the equation: rTJ−1r (Mah, 1990). This
requires the calculation of the variance–covariance ma-
trix of the residuals, J, and its inversion, every time a

constraint is added. The former method is preferred, as
it is less time consuming. Notice that when a matrix B
is formed by addition of an equation Bi to the system
Gx=0, the (w+1) vector of residual is defined as
rB=By and its variance–covariance matrix is JB=
BCBT (see Mah, 1990 for details).

Finally, the sequence through which the equations
are selected does not influence the outcome of stage 1
significantly in practice. Nevertheless, one can make
performance simulation studies to select the order that
enhances the power.

2.2. Second stage

From the previous stage, a set of measurements and
units suspect of being biased or having leaks is ob-
tained. We now present the bias and leak estimation
methods.

2.2.1. Estimation of leaks
If one or more leaks are considered, the constraint

model for the process is modified to take them into
account, as follows

Ax−Brpmp=0 (15)

The solution of the steady state data reconciliation
problem allows the estimation of the size of leaks and
process variables

min
o,mp

oTC−1o

s.t.

A(y−o)−Brpmp=0 (16)

where Brp is a (m×p) matrix with ei column vectors
indicating leak positions and mp is the p dimensional
vector of leak magnitudes. The solution to this problem
is:

m̂p= [Brp
T (ACAT)−1Brp]−1Brp

T (ACAT)−1Ay (17)

ô=CAT(ACAT)−1[Ay−Brpm̂p] (18)

x̂=y−CAT(ACAT)−1[Ay−Brpm̂p] (19)

2.2.2. Estimation of biases
If one or more measurement biases are proposed, the

measurement model is modified as follows

y=x+oBrpmb (20)

and the following least squares problem results:

min
o,mb

oTC−1o

s.t.

A(y−oBrbmb)=0 (21)

where Brb is a (z×s) matrix and ei the unit column
vectors indicating the positions of proposed bias and mb
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is the s dimensional vector of bias magnitudes. The
solution is:

m̂b= [Pb
T(ACAT)−1Pb]−1Pb

T(ACAT)Ay (22)

ô=CAT(ACAT)−1[Ay−Pbm̂b] (23)

x̂=y−CAT(ACAT)−1[Ay−Pbm̂b]−Brbm̂b (24)

where Pb=ABrm.

2.2.3. Estimation of leaks and biases
If leaks and measurement biases combinations are

considered, both the measurement model and process
constraints model are modified, as Eqs. (15) and (20)
indicate. The formulation for the least square problem
is as follows:

min
o,mp,mb

oTC-1o

s.t.

A(y−o−Brbmb)−Brpmp=0 (25)

Which has the following solution:

ô=CAT(ACAT)−1[Ay−Pbm̂b−Brpm̂p] (26)

x̂=y-AT(AAT)-1[Ay-Pbm̂b-Brpm̂p]-Brbm̂b (27)
The vectors m̂p and m̂b are now obtained as solution of
the following system�AbPb

CpPb

AbBrp

CpBrp

n�m̂b

m̂p

n
=
�AbAy

CbAy
n

(28)

where Ab=Pb
T(ACAT)−1and Cp=Brp

T (ACAT)−1

When matrices Brb and Brp are chosen in such a way
that the correct locations of the gross errors are picked,
these estimators are linear unbiased minimum variance
estimators. These assertions are proven in Appendix B.
The theoretical variance–covariance matrix for gross
error size estimators are also provided in this Appendix.
The dynamic counterpart of these estimation models
has been presented by Bagajewicz and Jiang (1998).

2.3. Summary of the simultaneous estimation of gross
errors method

2.3.1. Initial stage
Apply the global test. If it doesn’t fail, then declare

no error and stop. Otherwise go to stage one.

2.3.2. Stage one: construction of the gross error
candidate list

1. Start with one constraint. Perform the data reconcil-
iation and determine the objective function.

2. Apply the global test. If the test fails (ofv\tc) then
disregard the constraint, put the measurements in-
volved in the constraint in the candidate bias list
and put the node in the candidate leak list.

3. If there are no constraints to add, stop. Otherwise
add a new constraint and use Eqs. (13) and (14) to
obtain a new set of reconciled values as well as a
new objective function value. Go to step 2.

2.3.3. Stage two: identification and estimation of gross
errors

From the first stage of the procedure a candidate list
of bias and leaks is obtained. In the second stage,
combinations of n gross errors from the suspect list are
analyzed, beginning with n=1. For each combination
of n hypothetical gross errors, the objective function
value of the new least square problem is calculated.
Each objective function value is a realization of a
random variable with chi-square distribution and (m−
n) degrees of freedom. All these values are compared
with the critical value tc=xm−n,a

2 , that is the (1−a)th
quantile of the central chi-square distribution with
(m−n) degrees of freedom. If t\tc for all combina-
tions then, the procedure is repeated increasing n by
one. The procedure stops when (tBtc) for one or more
combinations and (nBmnh) or n\mnh.

Formally, the second stage is:
1. Set mnh=maximum number of hypothesized gross

errors.
2. Set the number of gross errors n to one (n=1).
3. Take all combinations of n gross errors and run the

corresponding reconciliation model (biases only,
leaks only, or biases and leaks).

4. Determine which combination of gross errors gives
the lowest objective function value.

5. If the global test is satisfied stop. The combination
or combinations with the lowest objective function
value involve gross errors. Otherwise increase n by
one (n=n+ 1) and if (nBmnh) go to step 2.

In order to limit the search, one can set a maximum
number of gross errors, mnh, as for example a 25% of
the maximum possible number of gross errors. Thus
reaching this maximum is another criterion to stop.

3. Results of simultaneous estimation of gross errors

A simulation procedure was applied to study the
performance of the strategy. The method proposed by
Iordache, Mah & Tamhane (1985) was followed. Each
result is based on 10 000 simulation trials where the
random errors are changed and the magnitudes of gross
errors are fixed.

Three performance measures are used: overall power
(OP), average number of type I errors (AVTI) and
expected fraction of perfect identification (OPF). They
are defined as follows:

OP=
No. of gross errors correctly identified

No. of gross errors simulated
(29)
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Fig. 1. Flowsheet for Example 1 (Rosenberg et al., 1987).

some subsets of candidates lead to a singularity of
matrix B1. These combinations are automatically
avoided, thus improving UBET’s performance. All
these issues are discussed by Bagajewicz, Jiang &
Sánchez (1999).

Tables 2 and 3 show the results expressed in terms of
performance measures for the three methods when one
bias is introduced and leaks are not present. As ex-
pected, GLR has the highest OP and OPF since GLR
test reaches its maximum power when there is only a
single bias (Narasimhan & Mah, 1987; Mah &
Tamhane, 1982). From Table 3, it can be found that
SEGE has the same performance as GLR in the estima-
tion of biases.

Tables 4 and 5 indicate the performance comparison
for the three methods when two biases are introduced
and leaks are not present. All possible combinations of
two measurement biases were simulated. Fixed gross
error magnitudes of 7 and 4 SDs were considered for
the corresponding flow rates. Table 5 shows that in the
majority of the cases GLR exhibits a smaller SD than
SEGE. This does not contradict the statement that
SEGE is a minimum variance unbiased linear estimator
because GLR is not an unbiased estimator, a fact that
was proven by Rollins and Davis (1992).

Table 4 has been organized so that successful runs
are listed first. The first twelve rows indicate that the
identifications have high overall powers (OP). SEGE
exhibits a larger fraction of perfect identification runs
(OPF) as compared to the other two methods.

There are however failures. Both the SEGE and
UBET methods give zero OPF for nine cases as de-
picted in the last rows of Table 4. In these cases the
OPF column indicates the inability of the methods to
distinguish the exact location of the gross errors, hence
its inability to estimate its size. In addition GLR gives
similar results for these cases. For SEGE the minimum
value of the objective function is achieved for more
than one different combination of gross errors. UBET
is also unable to reach numerical results because one of
its matrices (B1) becomes singular. There is one addi-
tional case (biases in streams 1 and 5) where UBET is
capable of performing an acceptable identification,
whereas GLR and SEGE perform poorly. We have no
explanation for this anomaly. However, it serves as an
indication that the power of a method seems to be
location dependent.

In Table 5 bias estimation results are presented. This
table includes the cases from Table 4 for which the
expected fraction of perfect identification (OPF) is
greater than 0.9. Table 5 illustrates that SEGE estima-
tors are the unbiased linear estimators with minimum
variance. Similar results can be obtained when leaks are
present. These results are included in Tables 6 and 7.

Rollins and Davis made a point illustrating the fact
that GLR is a biased estimator. In Table 8 we include

AVTI=
No. of gross errors incorrectly identified

No. of simulation trials
(30)

OPF=
No. of trials with perfect identification

No. of simulation trials
(31)

where a trial is considered perfect if all simulated gross
errors are identified in the simulated location.

The two first measures are proposed by Narasimhan
and Mah (1987) and the last one by Rollins and Davis
(1992).

In order to illustrate the application of SEGE for
bias and leaks identification/estimation, the example
proposed by Rosenberg et al. (1987) consisting of a
recycle system with four units and seven streams is used
(Fig. 1).

In this example the true flow rate values are x= [5.
15. 15. 5. 10. 5. 5.]. The flow rate SDs were taken as
2.5% of the true flow rates. Measurement values for
each simulation trial were taken as the average of ten
random generated values. The GLR and the UBET
methods were selected for comparison. In order to
compare results on the same basis, the level of signifi-
cance of each method was chosen such that it gives an
AVTI equal to 0.1 under the null hypothesis (Table 1).
This common basis of comparison for gross error de-
tection schemes was introduced by Rosenberg et al.
(1987). The same confidence level for comparison has
been used by different authors too. If a comparison is
performed on such basis the conclusions of this paper
do not vary.

In the identification part of UBET, the method of
pseudonodes proposed by Serth and Hennan (1986)
was used and adapted to consider the presence of leaks.
In addition, some modifications were performed to the
UBET method to improve its performance. When the
identification step of UBET selects more candidate
gross errors than the number of units (in this case four),

Table 1
Confidence level (1–a) when no gross error is introduced and AVTI
is equal to 0.1

Leak is assumed impossible Leak is assumed possible

0.900.90SEGE
0.84UBET 0.86
0.875GLR 0.83
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Table 2
Performance results for UBET, GLR and SEGE when one bias is introduced and leaks are not present

UBET GLRBiased stream SEGE

OPF OPAVTI OPFOP AVTIOPF AVTI OP

0.999 0.9261 0.125 0.979 0.896 0.057 0.961 0.908 0.075
0.9261.0000.0752 0.099 0.9081.000 0.902 0.096 1.000

0.075 1.0003 0.119 0.977 0.904 0.135 0.983 0.889 0.926
0.088 0.9554 0.125 0.955 0.880 0.235 0.842 0.773 0.916

1.0000.0755 0.9260.110 0.8960.990 0.901 0.109 0.998
0.852 0.050 0.9966 0.102 0.995 0.900 0.273 0.9540.909
0.864 0.004 0.9997 0.105 0.991 0.904 0.9990.269 0.933

results presented by Rollins and Davis (1992), corre-
sponding to the process flowsheet in Fig. 1. Two gross
errors are simulated of size 7 and 4 SD using a=0.05,
sample size=10, C=I. As the SD and the variance are
large, the table illustrates perfectly the biased nature of
GLR. The results for GLR are determined from simu-
lation. For UBET and SEGE, the values for the mean
and SDs are the theoretical values.

4. Discussion

The SEGE method proves to be effective in identify-
ing gross errors. It shows also superior performance in
estimating their size. However, there are some instances
where it fails to achieve a perfect identification. We will
discuss each of these cases separately.

4.1. Equi6alent gross errors

It only gives a suspicious subset of gross errors and
the user is warned that a unique solution is not possi-
ble. These instances have been identified as cases when:
� The objective function is equal for different

alternatives
� The matrices [Brp

T (ACAT)−1Brp] in (17),
[Pb

T(ACAT)−1Pb] in (22), or the system of equations
in (28) are singular.
To sort out these difficulties, Sánchez (1996) pro-

posed to add additional information of the process, as
for example component or energy balances using fixed
values of composition or temperature, in stage 2 of the
procedure. Even in such cases, difficulties in choosing
the proper set of equations were reported, as sometimes
ill-conditioned systems of equations were obtained.

4.2. Unmeasured 6ariables

As presented, SEGE cannot be applied to a system
where unobservable variables exist. For example, there
may be no redundant node balances and therefore
equations would be added one by one without being

able to have a successful reconciliation until redun-
dancy is achieved. Thus, even if such approach was
undertaken there would be no node to be specifically
chosen as suspect of having leaks. Basically, one would
be facing the same situation as in the iterative global
test method (Rosenberg et al., 1987), where no list of
suspects is built when all combinations of biases are
investigated.

4.3. Size

The SEGE method makes use of a combinatorial
search to increase performance. This creates a problem
for large industrial systems, especially those poorly
maintained which can show several gross errors at the
same time. However, when size is not the issue, the
SEGE method can be the method of choice.

4.4. Error identification problems

Other problems of the SEGE strategy are found
during the application of stage 1. During the first stage
of SEGE, the procedure always points to the last added
constraint as a suspect when the global test fails. This
may result in poor isolation of gross errors in some
cases. Consider for example the process in Fig. 2. The
original measurements for each stream are
{1, 2, 3, 2, 1, 1, 1, 0.4, 0.6}.

When introducing a leak in node 3 with a size of
0.11, the new measurements are
{1, 2, 3, 1.89, 0.89, 1, 1, 0.4, 0.49}. When applying the
first stage, the first constraint shows a global test statis-
tics of zero. As the second constraint is added, the
global test statistics is still zero. When adding the third
constraint, the global test statistical is 4.9873 but less
than the corresponding critical value at a=0.05 which
is 7.81. When the forth constraint is added, the global
test statistical becomes 17.3701 while its critical value is
9.49. SEGE will certainly conclude that node 4, instead
of node 3, is a node suspect of a leak. Thus, the true
gross error (a leak in node 3) will be obviously missed.
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4.5. Conclusions

The cases of equal objective function and singulari-
ties can be explained in terms of the theory of equiv-
alent gross errors (Bagajewicz and Jiang, 1998) and
provisions to avoid such cases can be made. In the
rest of the paper a new version of SEGE, MSEGE is
presented. The theory of gross error equivalency is
briefly summarized first and the node aggregation
strategy is discussed next. Finally, the MSEGE is pre-
sented.

5. Equivalency of gross errors

In a recent paper (Bagajewicz and Jiang, 1998) a
series of concepts regarding the equivalency of sets of
gross errors was presented. We present a brief sum-
mary next.

Two sets of gross errors are equivalent when they
have the same effect in data reconciliation, that is,
when simulating either one, leads to the same value
of the objective function. Therefore, the equivalent
sets of gross errors are theoretically indistinguishable.
In other words, when a set of gross errors is iden-
tified, there exists an equal possibility that the true
locations of gross errors are in one of its equivalent
sets. From the view of graph theory, equivalent sets
exist when candidate stream/leaks form a loop in an
augmented graph consisting of the original graph rep-
resenting the flowsheet with the addition of environ-
mental node. This is illustrated next through an
example.

Consider the process of Fig. 3 and assume that all
streams are measured. As shown in Table 9, a bias of
(−2) in S4 and a bias of (+1) in S5 (case 1) can be
represented by two alternative sets of two gross errors
(cases 2 and 3).

5.1. Degenerate cases

The equivalencies above are built in the assumption

that the number of gross errors identified is equal to
the real number of gross errors. However, there are
examples where the actual number of gross errors can
be larger than the number of gross errors identified.
One such example is shown in Table 10, where a set
of two gross errors (case 1) is equivalent to one gross
error (case 2). These cases are rare, as they require
that the two real gross errors have equal sizes. This
poses an additional uncertainty. If a certain number
of gross errors are detected, there is a possibility that
the actual number of gross errors is larger.

5.2. The concept of perfect identification

As a result of the equivalency of gross errors, the
issue of perfect identification of gross errors should
be revised. This issue has been raised by Bagajewicz
and Jiang (1998), when presenting the equivalency
theory, where the concepts of gross error exact de-
tectability and gross error correct detectability were
introduced. Exact detectability is possible in principle,
only when there are no equivalent sets. Thus the per-
fect identification performance measure (OPF), as
defined by Rollins and Davis should be extended to
include equivalent sets. That is, gross error identifica-
tion should be considered successful if exactly the er-
rors introduced are identified, or an equivalent set is
identified. Degenerate cases can also be included in
such counting. For example, assume a gross error is
introduced in stream S2 in the flowsheet shown in
Fig. 3. Assume now that a certain strategy identifies
two equal and opposite sign gross errors in streams
S4 and S5. This is a degenerate case where two gross
errors are exactly equivalent to one gross error. Such
a result should not be considered a failure and for
this paper it will be considered a success.

6. Modifications to the simultaneous estimation of gross
errors strategy to address imperfect identification

The problems experienced by SEGE (and UBET as

Table 3
Biases estimation results for SEGE, UBET and GLR when one bias is introduced and leaks are not present

Biased stream Sizes SEGE UBET GLR

Estimates SD Estimates SD Estimates SD

0.5000.0560.5020.0530.5010.5001 0.053
1.500 1.501 0.1292 1.502 0.135 1.501 0.129
1.500 1.500 0.1293 1.500 0.138 1.500 0.129
0.500 0.0974 0.5040.504 0.1160.5220.097

1.000 0.0891.000 0.0895 1.0001.000 0.100
0.0760.500 0.499 0.076 0.503 0.090 0.5006
0.0530.4990.0860.5000.0530.500 0.5007
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Table 4
Performance results for SEGE, UBET and GLR when two biases are introduced and leaks are not present

SEGEa UBET GLRBiased stream

OP OPFAVTI OP OPF AVTI OP OPF AVTI

0.9710.167 0.9041-2 0.008 0.9340.996 0.992 0.066 0.999
0.915 0.168 0.9721-3 0.9030.000 1.000 1.000 0.132 0.977

0.9340.9730.0631-4 0.049 0.8170.974 0.948 0.133 0.932
0.145 0.0211-5 0.615 0.704 0.692 0.134 0.963 0.911 1.950

0.9110.9990.0892-5 0.000 0.9140.999 0.999 0.122 0.982
0.893 0.130 0.9662-6 0.8890.027 0.987 0.973 0.110 0.980

0.999 0.9442-7 0.0570.002 0.8490.999 0.998 0.303 0.930
0.924 0.086 1.0003-5 0.9130.000 1.000 1.000 0.146 0.965

0.8930.9670.1253-6 0.027 0.8990.987 0.973 0.126 0.972
0.902 0.054 0.9993-7 0.9470.001 0.999 0.999 0.163 0.976

0.998 0.9364-7 0.0670.004 0.5200.998 0.996 1.623 0.600
0.144 0.9965-7 0.006 0.997 0.994 0.230 0.946 0.8640.881
0.143 0.9931-6 1.000 0.997 1,6,7a 0.084 0.966 1,6,7a 0.868

0.5041.0741-7 0.0001.000 1,6,7a0.997 1,6,7a 1.061 0.500
1.041 0.9972-3 1.000 0.999 2,3,4a 1.077 0.500 2,3,4a 0.005

0.0000.5000.9612-4 0.948 2,3,4a0.958 2,3,4a 0.091 0.944
2,3,4a 0.964 0.5003-4 0.0000.951 0.960 2,3,4a 1.017 0.504

0.9250.9990.0774-5 1.000 4,5,6a0.999 4,5,6a 1.083 0.500
0.577 0.0024-6 0.999 0.998 4,5,6a 0.351 0.875 4,5,6a 1.063

0.0000.5001.0265-6 0.996 4,5,6a0.977 4,5,6a 1.025 0.517
1,6,7a 0.820 0.8866-7 1.000 1.000 0.3241,6,7a 1.050 0.499

a At least two of the three locations contain gross errors (Rollins & Davis, 1992).

well as GLR) can now be better explained in the
context of the equivalency theory. First, when the ob-
jective function has the same value for two sets of
suspected gross errors, it is because they are equiva-
lent sets. Consider for example the case when the
presence of one gross error is investigated for the
flowsheet in Fig. 2. If S8 or S9 are flagged by an
identification algorithm they will lead to the same re-
sult. This effect in the objective function was illus-
trated in detail by Bagajewicz and Jiang (1998).
Second, when all the members of the equivalent sets
are included in the suspected list, the matrix used in
the bias/leak model is singular. For example, if the
presence of two gross errors is investigated and S8

and S9 are included simultaneously, the system is sin-
gular, because any linear combination of gross errors
in these two streams will solve the problem.

Therefore, the SEGE can be modified as follows:
1. If a set to be investigated in stage 2 is equivalent to

a set previously considered, the set is ignored, as the
result is known.

2. If a set to be investigated in stage 2 is included in
any loop of the augmented graph, the set is ignored.
It is known it will be singular, as it cannot capture
the number of gross errors targeted.

3. All equivalent sets are identified at the end of the
application of the algorithm.

7. Modification to the simultaneous estimation of gross
errors strategy to address the presence of unmeasured
variables

As it was described above, SEGE cannot be ap-
plied to a system where unobservable variables exist.
For example, there may be no redundant node bal-
ances and therefore equations would be added one by
one without being able to have a successful reconcili-
ation until redundancy is achieved. Thus, even if such
approach was undertaken there would be no node to
be specifically chosen as suspect of having leaks.

When unmeasured variables are present, the least
square estimation problem is defined by the following
equation:

min (y−x)TC−1(y−x)

s.t.

Ax+Cu=0 (32)

where u represents the unmeasured variables.
Several methods have been suggested to transform

this model into one that only contains redundant
measured variables. Among the most popular meth-
ods, the following can be mentioned: reduced balance
scheme (Václavek, 1969), matrix projection (Crowe et
al., 1983), QR decomposition (Swartz, 1989; Sánchez
& Romagnoli, 1996) and matrix co-optation
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(Madron, 1992). In all cases, a so-called canonical matrix
AR is obtained, such that the problem can be expressed
as follows:

min(y−x)TC−1(y−x)

s.t.

ARx=0

Depending on the method of choice, matrix AR may not
represent balances around nodes, but rather a linear
combination of nodes. Take for example the flowsheet
of Fig. 4.

The incidence matrix for this system is:

S1 S2 S3 S4

A=Ã
Æ

È

1 −1
1 −1

1 −1
Ã
Ç

É

Assume for example that stream S2 is unmeasured. Thus,
AR, obtained by applying co-optation (Madron, 1992) is

S1 S3 S4

AR=
�1

1
−1

−1
n

which contains a balance around nodes U1 and U2 and
a balance around the whole system.

One could in principle apply stage 1 of SEGE to this
system. However, if after applying the second constraint

(row 2), the global test fails, then there is uncertainty as
of what are the nodes that should be added to the
candidate leak list. For the case of co-optation, the form
of matrix AR depends on the order in which the process
of column rearrangement and Gauss–Jordan elimina-
tion takes place.

Thus, to be able to construct a proper list of candidate
leaks without including an excessive number of units, the
node aggregation strategy of Václavek (1969) is applied.
This aggregation strategy is:
1. Identify each unmeasured stream
2. If the stream is not an inlet or outlet stream, merge

the two nodes that this stream is connecting into
one pseudonode. This can be performed in matrix
C, by identifying the two rows were the entries are 1
and −1 for this stream. Add the first row to the
second and eliminate the first row and the corre-
sponding column.

3. If the stream is an inlet or outlet stream to the
flowsheet, eliminate the node connected to this
stream. In matrix C, this can be performed by
identifying the row that has a 1 (inlet) or a −1
(outlet) for the corresponding stream. The identified
row is eliminated. In addition, all columns with zero
entries should be eliminated.

This process gives rise to a matrix of redundant
measurements that contains pseudonodes resulting
from the simple aggregation of nodes connected by
unmeasured streams. Thus, each balance represented by
this matrix constitutes a balance that contains the
minimum possible of candidate leaks.

Table 5
Biases estimation results for SEGE,UBET and GLR when leaks are not present

Biased stream UBETSizes SEGE GLR

EstimatesSDEstimatesSDEstimates SD

0.875 0.876 0.0531–2 0.875 0.056 0.805 0.052
0.1261.500 1.503 0.127 1.499 0.144 1.474

0.056 0.805 0.0520.876 0.0531–3 0.8760.875
0.1261.500 1.501 0.129 1.499 0.143 1.475

1–4 0.0530.9250.0560.8740.0540.8760.875
0.4870.1180.515 0.0950.0990.5050.500

0.1282–5 2.625 2.625 0.130 2.626 0.135 2.404
1.000 0.999 0.091 1.000 0.095 0.973 0.089

2–6 2.625 2.627 0.137 2.626 0.144 2.330 0.128
0.0710.4390.0920.5010.0820.5030.500

2.625 2.625 0.1292–7 2.623 0.153 2.478 0.128
0.500 0.499 0.053 0.501 0.110 0.491 0.052

0.142 2.405 0.1293–5 2.6262.625 0.131 2.624
1.000 0.998 0.091 1.000 0.105 0.973 0.089

3–6 2.625 2.628 0.138 2.625 0.146 2.331 0.129
0.500 0.503 0.082 0.501 0.092 0.444 0.071
2.625 2.626 0.1303–7 2.626 0.145 2.478 0.129

0.0530.4920.0560.5000.0530.5 0.499
0.875 0.875 0.1034–7 0.925 0.121 0.895 0.168
0.5 0.499 0.054 0.478 0.081 0.554 0.087

0.1341.754 0.0900.0921.7481.7505–7 1.552
0.5 0.499 0.054 0.501 0.056 0.47 0.051
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Table 6
Performance results for SEGE, UBET and GLR when two gross errors are introduced and leaks are presenta

UBET GLRGross errors SEGE

OPF OPAVTI OPFOP AVTIOPF AVTI OP

0.996 0.979L2, B4 0.014 0.993 0.990 0.168 0.961 0.900 0.025
0.0000.8371.380L2, B5 0.000 0.8910.999 0.999 0.213 0.952

0.058 0.999L2, B6 0.007 0.996 0.993 0.154 0.969 0.917 0.944
1.897 0.872L2, B7 0.020 0.990 0.980 0.162 0.951 0.928 0.000

0.9990.974L3, B2 0.0770.038 0.8310.981 0.981 0.327 0.921
0.892 0.216 0.937L3, B6 0.003 0.9250.999 0.999 0.202 0.963

a Ln means a leak in node n and Bn means a bias in stream n.

8. Modification to the simultaneous estimation of gross
errors strategy to address improper suspected constraint

To address the problem of identifying the wrong
source of a gross error, the following modification is
suggested.

Before applying stage 1 of SEGE, obtain the global
test statistics for each constraint. During the first stage
of SEGE, when the global test fails, the constraint with
the largest GT (instead of the latest added constraint) is
considered as a suspect.

9. Summary of the modified simultaneous estimation of
gross errors method

9.1. Preparation stage: obtain a redundant system

1. Take all inlet/outlet unmeasured streams. Delete the
node to which they are connected. Eliminate the
other inlet/outlet streams connected to that node.

2. Take all the remaining unmeasured streams and
merge the nodes they connect into single
pseudonodes.

9.2. Stage one: construction of the gross error
candidate list

1. Calculate global test (GT) statistic for each node.
2. Start with one constraint. Perform the data reconcil-

iation and determine the objective function.
3. Apply the global test. If the test fails (ofv\tc) then

disregard the constraint and put the node with the
largest GT in the candidate leak list. If this node is
already in the list, put the node with the second
largest GT in the candidate leak list and so on. Put
the measurements involved in the constraint in the
candidate bias list. A leak from a pseudonode
should be considered as a leak coming equivalently
from any participating node.

4. If there are no constraints to add, stop. Otherwise
add a new constraint and use (Eqs. (13) and (14)) to

obtain a new set of reconciled values and a new
objective function value. Go to step 2.

9.3. Stage two: identification and estimation of gross
errors

1. Set the number of gross errors n to one (n=1)
2. Take all combinations of n gross errors.
3. If the set chosen is equivalent to a set already

analyzed, skip the set.
4. If the set contain a loop in the augmented graph,

then skip the set.
5. Run the corresponding reconciliation model (biases

only, leaks only, or biases and leaks).
6. Determine which combination of gross errors gives

the lowest objective function.
7. If the global test is satisfied, go to step 8. Otherwise

increase n (n=n+1) and go to step 2.
8. Determine all sets equivalent to the set identified.

Similar modifications have been made to UBET and
GLR. Details of these are given in Bagajewicz et al.,
1999.

10. Results of modified simultaneous estimation of
gross errors, MUBET and MGLR

With the aid of equivalency theory we can now
extend the definition of OPF to include all trials which
identify the perfect set, equivalent sets and degenerate
sets as successful trials. We call this new measure
overall performance of equivalent identification
(OPFE)

OPFE=
No. of trials with successful identification

No. of simulation trials
(34)

Using this new measure, the MSEGE strategy achieves
a significant increase in the identification performance
for the last nine cases of Table 4. Also the modified
method gets a better performance when gross errors in
streams 1 and 5 of the same flowsheet are simulated.
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These results are included in Table 11, which has to be
compared with Table 4.

As mentioned, the MSEGE strategy can be applied
to a system with unmeasured streams. Table 12 illus-
trates some cases of Fig. 1.

Results shown in this table correspond to cases where
the random errors have been removed and the true
values with the biases or leaks are used.

11. Conclusions

A three-step procedure for gross bias/leaks errors
was developed as an extension of an existing efficient
two step strategy. The method was compared to exist-
ing approaches. The preparation stage of the procedure
allows the determination of a redundant system matrix
that leads to a minimum number of suspected leaks.
The first stage of the developed procedure allows a
good isolation of gross errors sources, reducing thus the
size of the combinatorial search. The second stage
allows an effective identification and rather accurate
estimation of both biases and leaks. The theory of gross
error equivalency is used to avoid singularities and to
identify all possible alternatives of gross errors.
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Appendix A

In this appendix, the derivation of Eq. (13) is per-
formed. First consider the difference between Eqs. (12)
and (10)

Sc
new−Sc

old= (C−CBT(BCBT)−1BC)

− (C−CGT(GCGT)−1GC)

Sc
new−Sc

old=CGT(GCGT)−1GC−CBT(BCBT)−1BC

(A-1)

The product BT(BCBT)−1B can be expressed as a func-
tion of matrix G and Bi as follows

BT(BCBT)−1B= [Bi
T GT]�BiCBi

T

GCBi
T

BiCGT

GCGT

n−1�Bi

G
n

= [Bi
T GT]�C11

C21

C12

C22

n�Bi

G
n

= [(Bi
TC11+GTC21)(Bi

TC12+GTC22)]

×
�Bi

G
n

=Bi
TC11Bi+GTC21Bi+Bi

TC12G

+GTC22G

where:

C11= [BiCBi
T−BiCGT(GCGT)−1GCBi

T]−1

= [Bi(C−CGT(GCGT)−1GC)Bi
T]−1= [BiSc

oldBi
T]−1

C12= −C11BiCGT(GCGT)−1

C21= − (GCGT)−1GCBi
TC11

C22= (GCGT)−1

+ (GCGT)−1GCBi
TC11BiCGT(GCGT)−1

The elements of C are obtained using the partitioned
matrix inverse (Noble, 1969).

Replacing the expression obtained into Eq. (A-1) one
obtains:

Sc
new=Sc

old−CBi
T[BiSc

oldBi
T]−1BiC

+CGT(GCGT)−1GCBi
T[BiSc

oldBi
T]−1BiC

Table 7
Gross error estimation for SEGE, UBET and GLR when two gross errors are introduced and leaks are present

Sizes SEGEGross errors UBET GLR

Estimates Estimates SDSD EstimatesSD

1.8L2, B4 0.0511.7790.1471.8010.0511.800
0.6220.1270.6280.0990.6260.625 0.100

0.0041.801 0.054 1.807L2, B5 0.1511.8 1.578
0.0211.25 1.250 0.093 1.246 0.093 0.885
0.0511.801 0.052 1.801L2, B6 0.1291.8 1.879
0.0740.6000.0910.6250.0770.6250.625

/0.1361.801 /0.0821.8011.8L2, B7
/0.626 0.0850.625 0.625 0.093 /

1.25 1.250 0.052L3, B2 1.240 0.119 1.400 0.049
1.875 0.1051.6830.1411.9020.1301.879

0.0511.2730.1301.251L3, B6 0.0511.2511.25
0.625 0.625 0.076 0.625 0.091 0.618 0.073
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Table 8
Comparison of estimation performance

SEGE UBETBiased stream GLRSizes

SD EstimatesEstimates SD Estimates SD

6.690.6325 0.50891–2 77 7 0.4031
4 0.4472 3.98 0.39964 4 0.4031

0.50956.690.63251–3 77 7 0.4031
3.98 0.40454 4 0.4031 4 0.4472

0.73407.610.70711–4 77 7 0.4082
4 0.5477 3.87 0.47204 4 0.4655

6.08 1.00920.63251–5 77 7 0.4140
0.5477 3.764 4 0.4309 4 0.4726

1.00626.080.44722–5 77 7 0.4140
0.5477 3.764 4 0.4309 4 0.4736
0.4472 6.382–6 7 7 0.4082 7 0.7338

0.47410.5477 3.8744 4 0.4655
7 0.4472 6.692–7 7 0.50467 0.4031

0.40313.980.547744 4 0.4031
7 0.4472 6.08 1.00373–5 7 7 0.4140

3.76 0.47140.547744 4 0.4309
7 0.5477 6.39 0.73463–6 7 7 0.4082

0.47893.870.547744 4 0.4655
7 0.5477 6.69 0.50733–7 7 7 0.4031

0.40293.980.547744 4 0.4031
7 0.4472 7.804–7 7 7 0.92100.4655

0.5477 3.874 4 0.4082 4 0.4167
6.000.4472 1.08305–7 77 7 0.4309

a a4 4 0.4140 4 a

a Not published.

+CBi
T[BiSc

oldBi
T]−1BiCGT(GCGT)−1GC

−CGT(GCGT)−1GCBi
T[BiSc

oldBi
T]−1BiCGT(GCGT)−1

×GC

Sc
new=Sc

old−CBi
T[BiSc

oldBi
T]−1

×Bi[C−CGT(GCGT)−1GC]

+CGT(GCGT)−1GCBi
T[BiSc

oldBi
T]−1

×Bi[C−CGT(GCGT)−1GC]

Sc
new=Sc

old−CBi
T[BiSc

oldBi
T]−1BiSc

old

+CG(GCGT)−1GCBi
T[BiSc

oldBi
T]−1BiSc

old

Sc
new=Sc

old− [C−CGT(GCGT)−1GC]Bi
T[BiSc

oldBi
T]−1

×BiSc
old

Sc
new=Sc

old−Sc
oldBi

T[BiSc
oldBi

T]−1BiSc
old

Q.E.D

Appendix B

(A) When Brp is chosen in such a way that the correct
location of the gross error is picked, then the estimates
obtained from problem (16) are unbiased.

Proof: Consider the constraint model (B-1), and the
measurement model (B-2)

Ax−Brpmp=0 (B-1)

y=x+o (B-2)

By applying the constraint model, vector mp may be
calculated in terms of x as follows:

Brpmp=Ax (B-3)

Premultiplying both members of (B-3) by
Brp

T (ACAT)−1, the following expression is obtained

Brp
T (ACAT)−1Brpmp=Brp

T (ACAT)−1Ax (B-4)

from which we evaluate mp in terms of x

mp= (Brp
T (ACAT)−1Brp)−1Brp

T (ACAT)−1Ax (B-5)

Fig. 2. Flowsheet for example 2.
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Fig. 3. Illustration of gross error equivalency.

Thus, x̂ is an unbiased estimator of x.
Q.E.D.

(B) When Brm is chosen in such a way that the correct
location of the gross error is picked, then the estimates
obtained from problem (21) are unbiased.

Proof: Consider the constraint model (B-13), and the
measurement model (B-15)

Ax=0 (B-14)

y=x+o+Brmmb (B-15)

Considering o:Nz(0, C), then E(y)=x+Brmmb.
The least squares estimate of mb (Eq. (22)) is

m̂b= [Pb
T(ACAT)−1Pb]−1Pb

T(ACAT)−1Ay (B-16)

and its expected value is:

E(m̂b)= [Pb
T(ACAT)−1Pb]−1Pb

T(ACAT)−1AE(y) (B-17)

E(m̂b)= [Pb
T(ACAT)−1Pb]−1Pb

T(ACAT)−1A(x+Brbmb)
(B-18)

Introducing (B-13) in (B-18), the following expressions
are obtained

E(m̂b)= [Pb
T(ACAT)−1Pb]−1Pb

T(ACAT)−1Pbmb (B-19)

E(m̂b)=mb (B-20)

Thus, m̂b is an unbiased estimator of mb. In turn, the
least squares estimate of x (Eq. (24)) is

x̂=y−CAT(ACAT)−1[Ay−Pbm̂b]−Brbm̂b (B-21)

and its expected value is:

E(x̂)=E(y)−CAT(ACAT)−1[AE(y)−PbE(m̂b)]

−BrbE(m̂b) (B-22)

Considering E(y)=x+Brmmb and E(m̂b)=mb, as was
previously shown

E(x̂)

=x+Brmmb−CAT(ACAT)−1[A(x+Brmmb)−Pbmb]

−Brbmb (B-23)

The least squares estimate of mp (Eq. (17)) is

m̂p= [Brp
T (ACAT)−1Brp]−1Brp

T (ACAT)−1Ay (B-6)

and its expected value is:

E(m̂p)= [Brp
T (ACAT)−1Brp]−1Brp

T (ACAT)−1AE(y) (B-
7)

Considering o:Nz(0, C), then E(y)=x, therefore

E(m̂p)= [Brp
T (ACAT)−1Brp]−1Brp

T (ACAT)−1Ax (B-8)

From (B-8) and (B-5),

E(m̂p)=mp (B-9)

Thus, m̂p is an unbiased estimator of mp. In turn, the
least squares estimate of x (Eq. (19)) is

x̂=y−CAT(ACAT)−1[Ay−Brpm̂p] (B-10)

and its expected value is:

E(x̂)=E(y)−CAT(ACAT)−1AE(y)

+CAT(ACAT)−1BrpE(m̂p) (B-11)

Considering E(y)=x and E(m̂p)=mp, as it was previ-
ously shown, we obtain:

E(x̂)=x−CAT(ACAT)−1Ax+CAT(ACAT)−1Brpmp

(B-12)

E(x̂)=x−CAT(ACAT)−1(Ax−Brpmp) (B13)

By applying the constraint model (B-1) in (B-13),

E(x̂)=x

Table 9
Illustration of Equivalent Sets in {S2, S4, S5 } of Fig. 3

S6S2S1 S3 S4 S5

7 2412 10Measurement 18
6 210 6Case 1 (bias in S4, S5) Reconciled data 12 18

Estimated biases −2 1
7 212 19Case 2 (bias in S2,S4) 10Reconciled data 7

Estimated biases −1 −3
4 2Case 3 (bias in S2,S5) 12Reconciled data 16 10 4
32Estimated biases
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Table 10
Illustration of degenerate cases in {S2, S4, S5 } of Fig. 3

S3 S5 S6S4S1 S2

27Measurement 12 18 10 7
266Case 1 (bias in S4, S5) 10Reconciled data 12 18

1 1Estimated biases
277Case 2 (bias in S2) 10Reconciled data 12 19

Estimated biases −1

E(x̂)

=x+Brmmb−CAT(ACAT)−1[Ax+Pbmb−Pbmb]

−Brbmb (B-24)

E(x̂)=x

Thus, x̂ is an unbiased estimator of x.
Q.E.D.

(C) When Brp and Brm are chosen in such a way that the
correct location of the gross error is picked, then the
estimates. The estimates obtained from problem (25)
are unbiased.

Proof: Consider the constraint model (B-26), and the
measurement model (B-27)

Ax−Brpmp=0 (B-26)

y=x+o+Brmmb (B-27)

The vectors mp and mb are computed by solving the
following system of equation:�mb

mp

n
=
�Pb

T(ACAT)−1Pb

Brp
T (ACAT)−1Pb

Pb
T(ACAT)−1Brp

Brp
T (ACAT)−1Brp

n
×

−1�Pb
T(ACAT)−1Ay

Brp
T (ACAT)−1Ay

n
(B-28)

where the elements of the inverse matrix, called C, are
(Noble, 1969):

C=
�Pb

T(ACAT)−1Pb

Brp
T (ACAT)−1Pb

Pb
T(ACAT)−1Brp

Brp
T (ACAT)−1Brp

n−1

=
�C11

C21

C12

C22

n
(B-29)

C11= [Pb
T(ACAT)−1Pb

−Pb
T(ACAT)−1Brp{Brp

T (ACAT)−1Brp}−1

×Brp
T (ACAT)−1Pb]−1

C12= −C11Pb
T(ACAT)−1Brp{Brp

T (ACAT)−1Brp}−1

C21= −{Brp
T (ACAT)−1Brp}−1Brp

T (ACAT)−1PbC11

C22={Brp
T (ACAT)−1Brp}−1

−{Brp
T (ACAT)−1Brp}−1Brp

T (ACAT)−1PbC12

(B-30)

The least squares estimate of mb is

m̂b=C11Pb
T(ACAT)−1Ay+C12Brp

T (ACAT)−1Ay

(B-31)

and then, the expected value of m̂b is:

E(m̂b)=C11Pb
T(ACAT)−1AE(y)

+C12Brp
T (ACAT)−1AE(y) (B-32)

E(m̂b)=C11Pb
T(ACAT)−1A(x+Brmmb)

+C12Brp
T (ACAT)−1A(x+Brmmb) (B-33)

Replacing C12 in (B-33), the expected value of m̂b is

E(m̂b)=C11Pb
T(ACAT)−1[Ax−Brpmp]

+C11Pb
T(ACAT)−1Pbmb

−C11Pb
T(ACAT)−1Brp{Brp

T (ACAT)−1Brp}−1

×Brp
T (ACAT)−1Pbmb (B-34)

E(m̂b)=C11[Pb
T(ACAT)−1Pb

−Pb
T(ACAT)−1Brp{Brp

T (ACAT)−1Brp}−1

×Brp
T (ACAT)−1Pb]mb (B-35)

E(m̂b)=C11C11
−1mb=mb (B-36)

Thus, m̂b is an unbiased estimator of mb. In turn, the
least squares estimate of mp is

m̂p=C21Pb
T(ACAT)−1Ay+C22Brp

T (ACAT)−1Ay (B-
37)

Then, the expected value of m̂p is given by

E(m̂p)=C21Pb
T(ACAT)−1AE(y)

+C22Brp
T (ACAT)−1AE(y) (B-38)

Fig. 4. Linear flowsheet.
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Table 11
OPFE results for MSEGE, MUBET and MGLR

OPFEBiased stream

MSEGE MUBET MGLR

0.9230.9981–6 0.961
0.994 0.9011–7 0.891
1.000 0.9566–7 0.354

0.980 0.9981.0002–3
0.876 0.8362–4 0.865

0.939 0.8663–4 0.873
1.000 0.9494–5 0.925
0.995 0.9144–6 0.898

0.923 0.9065–6 0.949
0.882 0.9191–5 0.027

E(x̂)

=x+Brmmb

−CAT(ACAT)−1[A(x+Brmmb)−Pbmb−Brpmp]

−Brmmb (B-44)

E(x̂)=x−CAT(ACAT)−1

× [Ax−Brpmp+ABrmmb−Pbmb] (B-45)

E(x̂)=x−CAT(ACAT)−1[Pbmb−Pbmb]=x (B-46)

E(x̂)=x (B-47)

Thus, x̂ is an unbiased estimator of x.
Q.E.D.

(D) Covariance matrix of gross error size estimates

(D-1) Leaks
The least squares estimate of vector m̂p is given by

Eq. (B-6)

m̂p= [Brp
T (ACAT)−1Brp]−1Brp

T (ACAT)−1Ay=Z1Ay

Therefore, its variance–covariance matrix is:

Hp=Z1ACATZ1
T (B-48)

where Z1= [Brp
T (ACAT)−1Brp]−1Brp

T (ACAT)−1.

(D-2) Biases
The least squares estimate of vector m̂b is given by

Eq. (B-16)

m̂b= [Pb
T(ACAT)−1Pb]−1Pb

T(ACAT)−1Ay=Z2Ay

Therefore, its variance–covariance matrix is:

Hb=Z2ACATZ2
T (B-49)

where Z2= [Pb
T(ACAT)−1Pb]−1Pb

T(ACAT)−1.

(D-3) Biases and leaks
The least squares estimates of vector m̂b and m̂p are

given by Eqs. (B-31) and (B-37), respectively

m̂b=C11Pb
T(ACAT)−1Ay+C12Brp

T (ACAT)−1Ay=Z3Ay

m̂p=C21Pb
T(ACAT)−1Ay+C22Brp

T (ACAT)−1Ay=Z4Ay

E(m̂p)=C21Pb
T(ACAT)−1A(x+Brmmb)

+C22Brp
T (ACAT)−1A(x+Brmmb) (B-39)

Replacing C21 and C22 in (B-39), and using (B-26):

E(m̂p)= −{Brp
T (ACAT)−1Brp}−1Brp

T (ACAT)−1

×PbC11Pb
T(ACAT)−1[Ax−Brpmp]+mp

−{Brp
T (ACAT)−1Brp}−1Brp

T (ACAT)−1

×PbC11C11
−1mb

+{Brp
T (ACAT)−1Brp}−1Brp

T (ACAT)−1Pbmb

(B-40)

or

E(m̂p)=mp (B-41)

Thus, m̂p is an unbiased estimator of mp. In turn, the
least square estimator of x̂ is:

x̂=y−CAT(ACAT)−1[Ay−Pbm̂b−Brpm̂p]−Brmm̂b

(B-42)

and the expected value of x̂ is given by

E(x̂)=E(y)−CAT(ACAT)−1

× [AE(y)−PbE(m̂b)−BrpE(m̂p)]−BrmE(m̂b)
(B-43)

Table 12
MSEGE results when there are unmeasured streams

Unmeasured Equivalent sets to (1)Introduced gross errors Identified gross errors
stream

Location Size Location (1) Size

Biases in stream Bias in stream0.875 {Leak in node 1}Stream 3 0.875
11

1.0, −1.0Biases in stream {Biases in stream 2, 5} {biases in stream 4, 5} {biases in2.0, 1.0Biases in streamStream 3
2, 5 2, 6 stream 4, 6} {biases in stream 5, 6}

Stream 3 Leak in node 2 1.0 Leak in node 3 1.0 {Leak in node 2}
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Therefore, the variance–covariance matrix for this case
is:

Hb=Z3ACATZ3
T (B-50)

Hp=Z4ACATZ4
T (B-51)

where:

Z3=C11Pb
T(ACAT)−1+C12Brp

T (ACAT)−1 and

Z4=C21Pb
T(ACAT)−1+C22Brp

T (ACAT)−1

(E) When Brp and Brm are chosen in such a way that the
correct location of the gross error is picked, then the
estimators of leaks and biases are minimum linear
variance estimators.

A minimum variance estimator T is defined by
Var(Ti)5Var(Pi), where P is any other estimator. In
our case we are restricting the proof to linear estima-
tors. The proof follows the same line of arguments as
the Gauss–Markov theorem (Kshirsagar, 1983).
Proof: (1) Leaks

Let us consider m̂i=eiLy is the ith estimator of gross
errors sizes. Since it is unbiased, E(m̂i)=eiLE(y)=mi,
where mi represents its true value. Furthermore L=
S−1X, where S= [Brp

T (ACAT)−1Brp] and X=
Brp

T (ACAT)−1A thus XCXT=S.
Let us consider that m̂ i*=eiL*y is another unbiased

estimator of mi, then E(m̂ i*)=eiL*E(y)=eiLE(y)=mi,
which implies eiL*=eiL. Finally, observe that

eiL*y= (eiL*y−eiLy)+eiLy (B-52)

and therefore,

V(eiL*y)=V(eiL*y−eiLy)+V(eiLy)

+2Co6(eiL*y−eiLy; eiLy) (B-53)

We will show now that the last term in the previous
equation is zero

Co6(eiL*y−eiLy; eiLy)=Co6{(eiL*−eiL)y; eiLy}

= (eiL*−eiL)CLTei
T

= (eiL*−eiL)CXT(S−1)Tei
T

= (eiL*−eiL)CXTS−1ei
T

= (eiL*CXT−eiS−1XCXT)

×S−1ei
T

= (eiLCXT−eiS−1S)S−1ei
T

= (eiS−1XCXT−ei)S−1ei
T

= (ei−ei)S−1ei
T=0 (B-54)

Thus, since the variance of a variable is non-negative,
we obtain,

V(eiL*y)\V(eiLy).

(2) Biases
The proof is the same as in the case of leaks, but

using instead the following matrices:S=
[Pb

T(ACAT)−1Pb] and X=Pb
T(ACAT)−1A.

(3) Biases and leaks
The proof is the same as in the case of leaks, but

using the following matrices:

S=
�Pb

T(ACAT)−1Pb

Brp
T (ACAT)−1Pb

Pb
T(ACAT)−1Brp

Brp
T (ACAT)−1Brp

n
X=

�Pb
T(ACAT)−1A

Brp
T (ACAT)−1A

n
.

Appendix C

Notation

A (m×z) balance matrix
reduced balance matrixAR

average number of type I errorsAVTI
B matrix defined by Eq. (11)
Bi row vector corresponding to a balance

constraint
(m×p) matrix with ei column vectorsBrp

indicating leak positions
Brm (z×s) matrix with ei column vectors

indicating the positions of hypothe-
sized biases
balance matrix for unmeasuredC
variables
vector with unit in the ith place andei

zero elsewhere
rank of Ag
balance matrix for a previous dataG
reconciliation problem

J variance–covariance matrix of r
mb s-dimensional vector of bias

magnitudes
p-dimensional vector of leakmp

magnitudes
number of hypothesized gross errorsn
maximum number of hypothesizedmnh
gross errors

ofv least square objective function value
OP Overall power

expected fraction of correctOPF
identification
number of leaksp
equations’ residualsr
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s number of bias
Ui unit i

variance–covariance matrix of ôV
x vector of true values of variables
x̂ vector of the estimates of x

vector of measurementsy
unmeasured variablesu
number of rows of matrix Gw

z number of variables

Greek
symbols

vector of random measurement errorso

ô vector of measurement adjustments
tc critical value for the test statistic

measurement error variance–covari-C

ance matrix
variance–covariance matrix of x̂Sc

Sc for a solved problemSc
old

Sc
new Sc for a new problem

significance level of the testa

chi-square distributionx2
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